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Preface

Welcome to the Sixth Edition of the Warwick Mathematical Finance Magazine, brought to you
by the Warwick Finance Societies! This is a student-run magazine, consisting of a collection
of articles that lie at the intersection between mathematics and finance, all of which have been
written by students at Warwick.
Our aim is to provide an insight into mathematics beyond that which students would learn in
their degree - whether they are mathematics students or not. We have made this magazine
accessible to a wide range of mathematical abilities, and hope to give a little bit of inspiration
to people to use more maths in their work or read up on things that interest them.
This volume consists of several different articles, each covering a different area of mathematical
finance. From financial models to theorems, we will look at their mathematical underpinnings
and their real-world applications.
We thank the Warwick Finance Societies’ board for all their help and support.
We hope you enjoy, and happy reading!

– Valerio Altissimo and Francesco Papini, Head Editors
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Chapter 1

Continuous Signals, Binary Trades: The
Mathematics Behind Long-Short Deci-
sion Systems

Max Hamilton-Kerr

Edited by: Aggelos Goussiakis

Abstract: This article establishes the mathematical framework through which quan-
titative researchers transform continuous data into discrete long-short trading deci-
sions. By formalising signals as real-valued scores subject to rank normalisation and
cross-sectional standardisation, we demonstrate how portfolio weights emerge me-
chanically from signal ordering under dollar-neutrality and beta-neutrality constraints.
The study details how continuous variables are quantified and transformed into sta-
ble signals through normalisation, temporal smoothing, and regularisation to control
overfitting. This framework extends to non-numerical inputs, showing how corporate
language from earnings calls can be quantified via term-frequency weightings and pro-
cessed through identical pipelines. Application to high-frequency microstructure sig-
nals illustrates the scale invariance of the decision architecture across different time
horizons. A case study on Federal Reserve communications examines how markets re-
spond to quantified signals in real time through surprise-based construction measuring
deviations from historical expectations. Throughout, the emphasis is on demonstrat-
ing that the same mathematical logic governs long-short systems regardless of data
modality.

1.1 Introduction

Financial markets produce endless data, but the final output of any strategy is discrete: you are
long, short, or flat. The task is transforming high-dimensional information into these specific
choices. Long-short systems handle this by ranking assets to exploit relative differences, which
reduces exposure to general market swings.

The following questions are the motivation for this article: how do quantitative researchers
convert real-world data into long-short decisions? Is this general, or does it vary across different
data modalities? The process, in fact, follows a clear recipe: raw data becomes numerical
features, features become a scalar signal, and the signal determines portfolio weights within
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neutrality constraints (long–short neutral portfolios are considered optimal). This framework
applies whether you are looking at equity factors or high-frequency data. We are investigating
the mathematical logic of this mapping and how it stays rigorous when moving from numbers to
more complex inputs like language.

To address this question, the article proceeds as follows. Section 1.2 introduces the mathe-
matical structure of long–short neutral portfolios, providing intuition for why ranking and neu-
tralisation are central to signal-based trading. Section 1.3 discusses how continuous variables
are quantified and transformed into stable signals, emphasising the role of normalisation and
regularisation. Section 1.4 applies this framework to language and speech data, using corporate
communications as a concrete example of how non-traditional inputs can be mathematically
operationalised. Section 1.5 extends the discussion to high-frequency trading, where the same
decision architecture operates on vastly shorter time scales. Finally, Section 1.6 examines central
bank communication—illustrated by Federal Reserve Chair Jerome Powell—as a case study in
how markets respond to quantified informational signals in real time.

Throughout, the emphasis is not on proposing a single trading strategy, but on clarifying
the mathematical logic that connects raw information to long–short decisions. By making this
structure explicit, the article aims to highlight both the power and the limitations of quantitative
models in translating complex economic signals into systematic market actions.

1.2 Long–Short Decision Systems

At the core of many quantitative trading strategies lies the long–short decision system. Rather
than attempting to forecast the absolute direction of the market, these systems focus on identi-
fying relative mispricings between assets. The intuition is quite straightforward: if one asset is
expected to outperform another, a portfolio can be constructed that profits from this difference
while remaining largely insulated from broad market movements.

This relative-value perspective is central to modern quantitative finance. By simultaneously
taking long positions in assets with favourable signals and short positions in assets with un-
favourable signals, long–short systems aim to isolate informational content while controlling for
systematic risk. As emphasised by Grinold and Kahn [6], the objective is not prediction accuracy
per se, but the consistent ranking of assets according to expected performance.

1.2.1 Signals as Continuous Scores

The starting point of any long–short system is a quantitative signal. For each asset i in a universe
of N assets, researchers construct a real-valued score

fi ∈ R,

which summarises the information believed to be predictive of future returns. Crucially, fi is
time-varying, as the predictive potency and magnitude of a signal fluctuate in response to a
myriad of market factors. It is also important to note that this signal is continuous rather than
categorical, meaning it does not label assets as simply “good” or “bad”, but instead assigns each
a relative strength.

This formulation reflects a key principle in quantitative investing. Information arrives in
noisy and graded forms, and it is generally more robust to rank assets by relative signal strength
than to rely on hard classification thresholds. As noted by Green et al. [5], many distinct
characteristics contain incremental information, and their usefulness often emerges only through
cross-sectional comparison.

5
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1.2.2 Ranking and Portfolio Construction

Once signals {fi}Ni=1 are computed, assets are ranked cross-sectionally. A simple and widely used
transformation is the rank normalisation

ri =
rank(fi)

N
,

which maps signals onto the unit interval. Ranking serves two purposes. First, it reduces
sensitivity to outliers and scale differences across signals. Second, it enforces the relative nature
of the strategy: only ordering matters, not absolute magnitude.

Portfolio weights are then constructed from these ranks. A common choice is

wi = ri − r̄,

where r̄ = 1
N

∑N
i=1 ri. By repeating this process over successive periods, the system generates a

time series of weights that maintain these properties at each rebalancing interval. This ensures
that

N∑
i=1

wi = 0,

producing a dollar-neutral long–short portfolio. Note that neutrality is maintained over every
period in the sequence. As a result, assets with above-average ranks receive positive weights
(long positions), while those with below-average ranks receive negative weights (short positions).

This construction highlights a defining feature of long–short decision systems: positions
emerge mechanically from signal ordering rather than discretionary judgement.

1.2.3 Neutrality and Risk Control

In practice, dollar neutrality alone is insufficient. Signals may be unintentionally correlated
with known risk factors such as market beta, sector exposures, or size effects. To address this,
long–short systems impose additional neutrality constraints.

Let βi denote the market beta of asset i. A beta-neutral portfolio satisfies
N∑
i=1

wiβi = 0.

More generally, exposures to multiple factors can be removed via regression-based neutralisation,
a standard technique in systematic portfolio construction [1]. This step ensures that portfolio
performance reflects the intended signal rather than unintended factor bets.

From a decision-making perspective, neutrality transforms the signal into a purer measure
of relative opportunity. It aligns the mathematical structure of the portfolio with the economic
intuition of exploiting informational differences while controlling for systematic risk, a principle
closely tied to risk-adjusted evaluation metrics such as the Sharpe ratio [9].

1.2.4 Link to the Research Question

This section establishes the mathematical backbone of long–short decision systems. Continuous
signals are constructed from data, transformed through ranking, and converted into neutral
portfolios via explicit constraints. Crucially, this architecture is agnostic to the origin of the
signal. Whether the input arises from prices, volatility, language, or microstructure data, the
same decision logic applies.

This observation directly motivates the central question of the article: how can diverse and
increasingly unconventional data sources be quantified so that they fit into this long–short frame-
work? The following sections examine how continuous variables are constructed and stabilised,
before applying this structure to language, high-frequency trading, and central bank communi-
cation.

6
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1.3 Quantifying Continuous Variables

Long–short decision systems rely on scalar signals that can be ranked, neutralised, and translated
into portfolio positions. However, most real-world data do not naturally appear in this form.
Prices, volumes, volatility measures, and macroeconomic indicators are continuous, noisy, and
often non-comparable across assets or time. The role of quantitative modelling at this stage is
therefore to transform raw continuous variables into stable numerical signals that are suitable
for systematic decision-making.

This section describes the mathematical principles behind this transformation. Rather than
surveying specific data sources, the focus is on the operations required to make any continuous
variable compatible with the long–short framework introduced in Section 1.2.

1.3.1 Continuous Variables as Noisy Measurements

Let Xi(t) ∈ R denote a raw continuous variable associated with asset i at time t, such as realised
volatility, trading volume, or a fundamental ratio. In practice, such variables are contaminated
by measurement error, market microstructure noise, and regime-dependent effects. As a result,
the raw value Xi(t) is rarely a reliable input for portfolio construction.

From a decision-system perspective, the objective is not to estimate Xi(t) precisely, but to
extract the component of Xi(t) that is informative about relative future returns. This distinction
is critical. As emphasised by Grinold and Kahn [6], the usefulness of a signal lies in its ability
to consistently rank assets rather than in its absolute accuracy.

1.3.2 Normalisation and Cross-Sectional Comparability

To enable ranking, signals must be comparable across assets. A common first step is standardi-
sation:

X̃i(t) =
Xi(t)− µX(t)

σX(t)
,

where µX(t) and σX(t) denote the cross-sectional mean and standard deviation at time t. This
transformation removes scale effects and ensures that signals derived from different assets con-
tribute symmetrically to the ranking process.

In many applications, ranking itself provides an additional layer of robustness. As discussed
in Section 1.2, rank-based signals reduce sensitivity to outliers and nonlinear distortions. In
long–short systems, ranking is a structural necessity rather than a convenience: positions are
determined by relative order rather than absolute levels.

1.3.3 Temporal Smoothing and Stability

Raw signals often exhibit excessive short-term variability. If left unaddressed, this instability
leads to high turnover and poor out-of-sample performance. To mitigate this, quantitative re-
searchers apply temporal smoothing, for example through exponentially weighted averages:

X̄i(t) =
∞∑
k=0

λkXi(t− k), 0 < λ < 1.

Smoothing serves a dual purpose. First, it reduces noise by aggregating information over
time. Second, it aligns the signal with the finite holding periods typically employed in long–short
portfolios. This reflects an implicit modelling assumption: economically meaningful information
persists long enough to be exploited systematically.
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1.3.4 Regularisation and Overfitting Control

A central risk in signal construction is overfitting. When researchers have access to many contin-
uous variables, it is easy to construct signals that perform well in-sample but fail out-of-sample.
This issue is particularly acute in cross-sectional strategies, where small improvements in ranking
can appear statistically significant but lack economic substance.

To address this, modern quantitative research emphasises regularisation and parsimony.
Rather than fitting complex models to maximise in-sample performance, signals are constrained
to be stable and interpretable. As argued by Harvey et al. [7], disciplined testing and conservative
model design are essential to avoid false discoveries in empirical asset pricing.

From a long–short decision-system perspective, regularisation ensures that portfolio weights
are driven by persistent structure rather than transient noise. This aligns with the broader
asset pricing principle that expected returns should be linked to economically meaningful risk
exposures [3], even when the precise structural model is only partially understood.

1.3.5 How Does This Result in Long/Short Decisions?

This section has established how continuous variables are transformed into stable, comparable
signals suitable for long–short portfolio construction. Normalisation, ranking, smoothing, and
regularisation are not optional refinements, but rather necessary steps that allow heterogeneous
data to be integrated into a unified decision framework.

Having defined this mathematical machinery, the article now turns to specific data modalities.
The following sections apply these principles to atypical inputs, beginning with language and
corporate communication, to demonstrate how diverse forms of information can be systematically
embedded within long–short decision systems.

1.4 Language and Corporate Communication as Quant Signals

The long–short decision framework described in Sections 1.2 and 1.3 is agnostic to the origin of
the input signal. In this section, we demonstrate how corporate language can be treated as a
continuous variable and embedded within the same mathematical structure used for traditional
financial data.

Corporate communications, such as earnings calls and shareholder letters, convey information
not only through explicit content but also through tone, emphasis, and uncertainty. A growing
literature shows that these linguistic features are systematically related to subsequent asset
returns. Using textual analysis of firm disclosures, Loughran and McDonald [8] demonstrate
that finance-specific language measures contain incremental predictive power beyond standard
numerical variables. Similarly, Tetlock [10] shows that media tone affects market prices and
trading behaviour.

1.4.1 Quantifying Language as a Continuous Variable

From a quantitative perspective, language is transformed into a numerical representation through
the construction of continuous-valued features. Let di(t) denote a corporate document associated
with firm i at time t. A simple sentiment-based signal can be expressed as

Xi(t) =
∑
k

wk · freqk(di(t)),

where freqk denotes the frequency of term k in the document and wk is a predefined weight
reflecting its financial relevance.

Crucially, Xi(t) is not used directly. As discussed in Section 1.3, the signal is normalised,
smoothed, and ranked cross-sectionally to produce a scalar score suitable for long–short portfolio
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construction. Firms with relatively optimistic or confident language receive positive weights,
while those with comparatively pessimistic or uncertain language receive negative weights.

1.4.2 Decision-System Interpretation

Within the long–short framework, language-based signals are interpreted in exactly the same
manner as volatility or valuation signals. The portfolio does not express an absolute view on
whether corporate communication is “good” or “bad” in isolation; rather, it exploits relative
differences in linguistic tone across firms at a given point in time.

This perspective is essential for robustness. By relying on ranking and neutrality, the decision
system mitigates the risk that language measures capture broad market sentiment rather than
firm-specific information. The result is a relative-value signal that can be combined with other
factors without altering the underlying portfolio architecture.

1.4.3 How Does This Relate to Data Used by Quantitative Researchers?

This section illustrates that non-traditional data sources, such as language, can be systemati-
cally incorporated into long–short decision systems using the same mathematical transformations
applied to conventional financial variables. The next sections extend this analysis to higher-
frequency settings and macroeconomic communication, further emphasising the generality of the
framework.

1.5 High-Frequency Trading and Microstructure Signals

While the previous section focused on low-frequency corporate communication, the same long–
short decision architecture applies at much shorter time scales. In high-frequency trading (HFT),
signals are derived not from documents or fundamentals, but from the dynamics of the limit-order
book and transaction flow.

At these horizons, the primary inputs are continuous microstructure variables such as order
arrival rates, queue imbalances, and short-term volatility. For example, a commonly studied
quantity is order-flow imbalance:

OFI(t) =
V buy(t)− V sell(t)

V buy(t) + V sell(t)
,

where V buy and V sell denote executed buy and sell volumes over a short interval. Empirical and
theoretical work shows that such imbalances are informative about short-term price movements
[4].

Despite the difference in data frequency, the decision logic remains unchanged. Microstructure
signals are normalised, smoothed over short horizons, and ranked across assets or trading venues.
Positions are then taken in a market-neutral fashion, often holding long and short exposures for
only fractions of a second. As in lower-frequency strategies, neutrality constraints ensure that
profits arise from relative informational advantages rather than directional market exposure.

From a mathematical perspective, high-frequency trading illustrates the scale invariance of
long–short decision systems. Whether the signal is derived from linguistic tone or order-book
dynamics, the same mapping—from continuous variables to ranked signals to neutral portfo-
lios—governs the trading decision. Differences arise in execution and latency, not in the under-
lying structure of the model [2].

1.6 Case Study: Jerome Powell

Central bank communication provides a natural setting in which to observe long–short decision
systems operating in real time. Unlike corporate disclosures, Federal Reserve statements affect
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the entire market simultaneously, influencing equities, rates, currencies, and volatility. Yet de-
spite this breadth, market reactions are often highly structured and predictable in form, if not
in magnitude.

In particular, the well-known market sensitivity to speeches by Federal Reserve Chair Jerome
Powell - so much so that Powell has become infamous for tanking assets with a simple greeting
- illustrates how linguistic and contextual signals are rapidly quantified and translated into
trading decisions. Market participants frequently react not only to the explicit content of policy
statements, but also to subtle deviations in tone, emphasis, and perceived confidence. The
informal observation that markets move sharply when Powell says “good morning” reflects an
underlying anticipation of informational content rather than randomness.

1.6.1 Event-Based Signal Construction

From a quantitative perspective, central bank communication is treated as a discrete event
generating a burst of continuous signals. Let d(t) denote a policy statement or speech delivered
at time t. As in Section 1.4, textual features can be extracted to form a numerical representation
X(t), capturing sentiment, uncertainty, or deviation from historical language.

Crucially, the signal used in trading is not the absolute level of X(t), but its relative surprise:

∆X(t) = X(t)− E[X | historical communications].

Large deviations indicate that the communication differs materially from prior expectations. This
surprise-based formulation aligns naturally with long–short decision systems, as it ranks events
by informational intensity rather than attempting to interpret policy direction in isolation.

1.6.2 Market Implementation

Once quantified, central bank signals are mapped into market-neutral positions across asset
classes. For example, an unexpectedly hawkish communication may generate short positions in
equity indices and long positions in volatility or interest rate futures, while a dovish surprise
may produce the opposite configuration. Importantly, these positions are often constructed to
be neutral with respect to broad market trends, focusing instead on relative pricing adjustments
across maturities or instruments.

This implementation mirrors the architecture described in earlier sections. Continuous inputs
are transformed into scalar signals, ranked by magnitude, and converted into positions subject
to explicit risk constraints. The speed at which markets respond to Powell’s communication
reflects not discretionary interpretation, but the rapid activation of pre-specified decision rules
embedded in quantitative trading systems.

1.6.3 Synthesis and Interpretation

The Powell case study demonstrates the unifying theme of this article: diverse sources of informa-
tion—language, tone, and contextual deviation—are processed through the same mathematical
decision framework that governs long–short trading more broadly. The apparent drama of central
bank speeches masks a mechanical reality in which markets respond to quantified signals rather
than narrative interpretation.

In this sense, the reaction to central bank communication is not an anomaly but a clear
illustration of how continuous real-world information is systematically translated into binary
trading actions. Powell’s words matter not because of their rhetorical force, but because they
perturb established numerical expectations within long–short decision systems.
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1.7 Conclusion

This article explores how researchers turn messy, varied data into the specific "buy, sell, or hold"
choices that define long–short trading. While prices, corporate speech, and market microstructure
look different on the surface, the mathematics used to process them is remarkably consistent.

The core of this system is a reliable pipeline: raw data is turned into numerical signals,
cleaned through normalisation, and then ranked. These rankings allow a trader to take long and
short positions that cancel out general market noise, focusing instead on relative value. This
structure makes it possible to integrate diverse information while keeping the strategy robust
against outliers and noise.

By applying this logic to high-frequency trading and Federal Reserve communications, we
see that modern markets often respond to quantified deviations from expectations rather than
"narrative" meaning. Even a speech by Jerome Powell becomes a numerical data point that a
system compares against established benchmarks.

Ultimately, quantitative finance is less about predicting where the whole market goes and
more about building rigorous transformations from information to action. Understanding this
process is key to seeing how systematic trading really works, and what are its risks in a world
surrounded by data.
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Chapter 2

From Pairs to Portfolios: A Guide to
Cointegration and Statistical Arbitrage

Ignacio Vigil Cardenal and Gonzalo García Suárez de Lezo

Edited by: Abhishek Agarwal and Valerio Altissimo

Abstract: This article provides a comprehensive bridge between econometric theory
and the practical implementation of statistical arbitrage in quantitative finance. By
distinguishing between superficial correlation and fundamental cointegration, we es-
tablish a rigorous foundation for market-neutral trading strategies. The study details
the evolution from bivariate pairs trading using the Engle-Granger two-step method
and Augmented Dickey-Fuller (ADF) tests to multivariate basket strategies employ-
ing the Johansen Test and Vector Error Correction Models (VECM).Beyond theo-
retical modelling, the article outlines the mechanics of signal generation via Z-score
normalization and trade timing through the Ornstein-Uhlenbeck process, including
the calculation of a trade’s half-life for capital efficiency. Practical applications are
demonstrated on the WorldQuant Brain platform.

2.1 Introduction

In the current landscape of quantitative finance, the distinction between correlation and cointe-
gration is frequently misunderstood, leading to fragile trading strategies that fail when markets
turn volatile. While many aspiring quants look for assets that simply "move together," this
superficial relationship often breaks down exactly when reliability is needed most.

This article aims to bridge the gap between econometric theory and practical algorithmic
trading. We will move beyond the basic technical analysis often found in retail trading blogs
to offer a rigorous, academic approach to market neutrality. Our journey will take us from the
theoretical foundations of simple pairs trading to the complex implementation of basket strategies
using Vector Error Correction Models (VECMs), culminating in a practical application on the
WorldQuant Brain platform.

2.1.1 The Drunk and the Dog: An Intuitive Framework

Before diving into the algebra of stationarity, it is crucial to dispel the myth that assets moving
together are necessarily linked. To visualise the difference between a spurious correlation and a
true economic relationship, we can utilise the classic "Drunk and the Dog" analogy.
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Imagine a drunk man walking out of a bar. He stumbles randomly down the street. Now,
imagine a stray dog wandering down the same street. Occasionally, they might both turn left
or right at the same time. If you plotted their paths, you might calculate a high correlation
coefficient—they are moving in the same direction by chance. However, this relationship is
useless for prediction; if the drunk turns left, there is no guarantee the dog will follow. This
represents correlation.

Now, imagine the drunk has his dog on a leash. The drunk walks in a random, stochastic
path, and the dog wanders excitedly in various directions to sniff trees or fire hydrants. The
distance between them expands and contracts, but they can never drift entirely apart because
the leash—the fundamental economic tether—keeps them bound together.

In financial terms, the drunk and the dog are cointegrated. While their individual price paths
(random walks) are unpredictable, the distance between them (the spread) is not. If the dog
wanders too far away (the spread widens), the leash’s tension eventually pulls him back toward
the drunk (mean reversion).

This concept forms the bedrock of Statistical Arbitrage. We are not betting on where the
drunk is going; we are betting that, eventually, the leash will pull the dog back.

2.2 Theoretical Foundation: Engle-Granger Method

With the intuition of the "Drunk and the Dog" established, we must translate this analogy into a
rigorous statistical framework. The "leash" that binds our two assets together is mathematically
defined by the concept of stationarity.

To identify this relationship, we turn to the Engle-Granger two-step method. While simple
compared to modern multivariate methods, it remains the standard entry point for understanding
the mechanics of pairs trading.

2.2.1 Regression

The first step is to identify the linear relationship between the two asset price series, PA
t and

PB
t (representing the drunk and the dog). We regress one asset against the other to isolate the

residuals [[1]].
We start with the linear model:

PA
t = α+ βPB

t + ϵt

Here, β represents our Hedge Ratio—the amount of asset B required to hedge a unit of asset
A. To derive the optimal β that minimises the variance of the residuals (the spread), we employ
Ordinary Least Squares (OLS). Mathematically, we aim to find the estimator β̂ that minimises
the Sum of Squared Residuals (SSR):

SSR =

T∑
t=1

(
PA
t − α̂− β̂PB

t

)2
By taking the partial derivative with respect to β and setting it to zero, we arrive at the

closed-form solution for the hedge ratio:

β̂ =

∑T
t=1(xt − x̄)(yt − ȳ)∑T

t=1(xt − x̄)2
=

Cov(PB
t , PA

t )

Var(PB
t )

Once we have derived the optimal hedge ratio (β̂), calculating the intercept is straightforward.
It is the difference between the mean of the dependent variable and the mean of the independent
variable weighted by our beta:
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α̂ = PA
t − β̂PB

t

Where: PA is the sample mean of the prices of Asset A. PB is the sample mean of the prices
of Asset B.

This calculation ensures that the resulting spread (ϵt) is as "tight" as possible. Rearranging
the original equation gives us the tradable portfolio:

ϵt = PA
t − β̂PB

t − α̂

2.2.2 Testing for Stationary

Generating a spread is easy; proving it is mean-reverting is difficult. For a pairs trade to be
viable, the residual series ϵt must be stationary, meaning the spread fluctuates around a constant
mean rather than drifting indefinitely.

To confirm this, we apply the Augmented Dickey-Fuller (ADF) test. While many traders
simply look for a low p-value, understanding the underlying mechanism is crucial for avoiding
false positives.

The ADF test evaluates whether the spread follows a "Unit Root" process (a random walk).
This means:

1. If residuals follow the unit root process, it is not stationary, and shocks have permanent
effects.

2. If residuals don’t follow a unit root process, they are stationary.

Hence, if stationary, the residuals have constant mean and variance, confirming that cointegration
exists between the assets. We estimate the following regression on the residuals ϵt:ϵt:

∆ϵt = α+ γϵt−1 +

p∑
i=1

δi∆ϵt−i + ut

There are two critical components here:

1. The Lagged Level (γϵt−1): This is the heart of the test. We test the Null Hypothesis
H0 : γ = 0.

• If γ = 0, the current change ∆ϵt does not depend on the previous level. Shocks to the
spread are permanent (the dog runs away).

• If γ < 0, the spread corrects itself. The farther ϵt−1 drifts from zero, the stronger the
pull of ∆ϵt in the opposite direction (the leash pulls back)

2. The Augmentation Terms (
∑

δi∆ϵt−i): These lagged difference terms are added to account
for serial correlation in the error term, ensuring the validity of the test statistics.

.
Crucially, under the null hypothesis of a unit root, the t-statistic for γ (t̂γ) does not follow the

standard Student’s t-distribution. Because the regressor ϵt−1 is itself non-stationary under the
null, the limiting distribution of the test statistic is the non-standard Dickey-Fuller distribution,
which is skewed to the left. Consequently, standard critical values (e.g., -1.96 for 5% significance)
are invalid and would lead to frequent false rejections (Type I errors). Instead, we must compare
our calculated t-statistic against the specific critical values simulated and tabulated by MacKin-
non (1996)1. If the t-statistic is more negative than these critical values (typically around -3.43
for a 1% significance level), we reject the null hypothesis, mathematically confirming that the
relationship is not spurious and a true arbitrage opportunity exists [[3]].
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2.2.3 Application of Engle-Granger Using Python

Having established the theoretical framework of the Engle-Granger two-step method, we now
turn to a practical implementation using Python. The following script utilises the yfinance
library for data acquisition and statsmodels to perform the cointegration tests. We specifically
employ the coint function, which automates the regression and subsequent stationarity test on
the residuals. This allows us to empirically validate the ’drunk and dog’ hypothesis between
our chosen pair, Goldman Sachs (GS) and Morgan Stanley (MS), to confirm if a statistically
significant tether exists [[4]].

1 # Necessary libraries
2 import yfinance as yf
3 import pandas as pd
4 import numpy as np
5 import statsmodels.api as sm
6 from statsmodels.tsa.stattools import coint
7

8

9 # Helper function to download and clean data
10 def get_prices(tickers , start_date=’2021 -01 -01’, end_date=’2025 -12 -01’):
11 data = yf.download(tickers , start=start_date , end=end_date)[’Close’]
12 data = data.dropna () # Remove missing values
13 return data
14

15 # ==========================================
16 Engle -Granger Test (2 Stocks)
17 # ==========================================
18

19 # Let’s test two Banks: Goldman Sachs (GS) and Morgan Stanley (MS)
20 pair_tickers = [’GS’, ’MS’]
21 df_pair = get_prices(pair_tickers)
22

23 # The ’coint ’ function runs the Engle -Granger two -step process
24 # It returns the t-statistic , p-value , and critical values
25 score , pvalue , _ = coint(df_pair[’GS’], df_pair[’MS’])
26

27 print(f"Testing Pair: {pair_tickers}")
28 print(f"t-statistic: {score :.4f}")
29 print(f"p-value: {pvalue :.4f}")
30 print(f"critical values:")
31 print(f" 1%: {crit_value [0]:.4f}")
32 print(f" 5%: {crit_value [1]:.4f}")
33 print(f" 10%: {crit_value [2]:.4f}")
34

35 if pvalue < 0.05:
36 print(">> RESULT: Cointegration Detected! (The Leash is holding)")
37 else:
38 print(">> RESULT: No Cointegration. (Relationship broken/spurious)")

Listing 2.1: Real-World Cointegration Verification

Results:
The empirical results indicate statistically significant cointegration between Goldman Sachs

(GS) and Morgan Stanley (MS). The Augmented Dickey–Fuller test applied to the estimated
spread yields a test statistic of –3.5678 and a p-value of 0.0268, allowing the null hypothesis of
a unit root to be rejected at the 5% significance level. This suggests that the spread between
the two assets is stationary and exhibits mean-reverting behaviour. From a trading perspective,
this implies the existence of a stable long-run equilibrium linking the prices of GS and MS,
consistent with their shared exposure to the investment banking sector. Deviations from this
equilibrium are therefore expected to be temporary rather than persistent, providing a potential
basis for relative-value strategies. However, while the result supports the presence of a tradable
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Figure 2.1: Values Found For GS and MS

relationship over the sample period, it also highlights the inherent concentration risk of pair-
based approaches, reinforcing the motivation for extending the analysis to multi-asset baskets
using more general cointegration frameworks.

2.3 Johansen Test for Basket Trading

While the Engle-Granger method is an excellent pedagogical tool for understanding the mechan-
ics of mean reversion, it suffers from a significant limitation in practice: it is strictly bivariate.
It can only assess the relationship between two variables at a time.

In modern high-frequency markets, betting on a single pair exposes the trader to substantial
idiosyncratic risk. If "Asset A" suffers a catastrophic, company-specific event (e.g., an accounting
scandal), the cointegration breaks, and the spread widens indefinitely. To mitigate this, insti-
tutional quants scale up to "Basket Trading," creating portfolios in which one asset is hedged
against a weighted basket of peers.

To handle this complexity, we must graduate from simple regression to the Johansen Test.

2.3.1 From Regression to VECM

When dealing with a portfolio of three or more assets (e.g., trading Exxon Mobil against a
basket of Chevron, BP, and Shell), we cannot simply regress one against the others without
losing information about the dynamic interactions between them. The Johansen Test solves this
by moving beyond simple regression into a Vector Error Correction Model (VECM) [[2]]. Instead
of a single equation, we model the changes in the entire vector of prices Yt simultaneously:

∆Yt = ΠYt−1 +

p−1∑
i=1

Γi∆Yt−i + ϵt

where:

• ∆Yt = change in the vector of prices Yt

• Π = coefficient matrix of cointegrating relationships

• Γ = coefficient matrix of the lags of differenced variables of Y

• ϵt = error term

The critical component here is the matrix Π (Pi). In our previous "Drunk and the Dog"
analogy, we only had one relationship to track. In a basket of N stocks, there might be multiple
independent "leashes" binding them together. The matrix Π contains the information about
these long-run relationships. The matrices Γi model the transient dynamics.
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2.3.2 Eigenvalues and The Trace Statistic

The goal of the Johansen Test is to determine the Rank (r) of the matrix Π. The rank tells us
exactly how many independent cointegrating relationships there are in our basket of stocks. If
Rank (r) = 0: No cointegration exists. The assets are wandering randomly with no tether. If
Rank (r) > 0: There are r stationary linear combinations.

To calculate this rank, we utilise Eigenvalues (λ). We treat the determination of the number
of cointegrating vectors as a hypothesis testing problem using the Trace Statistic:

λtrace(r) = −T
n∑

i=r+1

ln(1− λ̂i)

Intuitively, if the estimated eigenvalues (λ̂i) are significantly distinct from zero, it implies a strong
cointegrating relationship. The Trace Statistic aggregates these values to test the null hypothesis
that there are at most r cointegrating vectors.

2.3.3 Why This Matters: Robust Hedging

Understanding the rank allows us to construct a more resilient hedge. If we identify a basket
of energy stocks with a rank of 1, we can find a single linear combination (a portfolio) that is
stationary.

This allows us to trade the idiosyncratic noise of a single stock against the sector’s systematic
trend. Rather than betting that "Coke will outperform Pepsi" (a pair), we can bet that "Coke
will revert to the mean of the entire Beverage Sector" (a basket). This diversification significantly
reduces the risk of a single competitor’s movement blowing up the trade.

2.3.4 Johansen Test Using Python:

While the Engle-Granger method suffices for pairs, analysing a portfolio requires a multivari-
ate approach. We now implement the Johansen Test using the coint-johansen function from
statsmodels to determine the rank of the cointegration matrix for a basket of assets. The code
below fetches historical data for six major US banks and calculates the Trace Statistic. By com-
paring this statistic against critical values, we test the null hypothesis regarding the number of
cointegrating relationships (r) present in the system, moving beyond simple pairs to a robust
basket strategy [4]

1 # Necessary libraries
2 import yfinance as yf
3 import pandas as pd
4 import numpy as np
5 import statsmodels.api as sm
6 from statsmodels.tsa.stattools import coint_johansen
7

8

9 # Helper function to download and clean data
10 def get_prices(tickers , start_date=’2021 -01 -01’, end_date=’2025 -12 -01’):
11 data = yf.download(tickers , start=start_date , end=end_date)[’Close’]
12 data = data.dropna () # Remove missing values
13 return data
14

15 # ==========================================
16 # Johansen Test (6 Stocks) (Could be as many as wanted)
17 # ==========================================
18

19 # Let’s test the six Banks that have the most impact in the USA:
20 basket_tickers = [’JPM’, ’MS’, ’GS’,’BAC’,’WFC’,’C’]
21 df_basket = get_prices(basket_tickers)
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22

23 # Run Johansen Test
24 # det_order =0 implies we assume there is a constant term in the model
25 johansen_res = coint_johansen(df_basket , det_order =0, k_ar_diff =1)
26

27 # There are N (number of stocks) possible relationships (r=0, r=1, r=2...)
28 for r in range(len(basket_tickers)):
29 trace_stat = johansen_res.lr1[r] # The test statistic
30 crit_val = johansen_res.cvt[r, 1] # The 5% critical value (index 1)
31

32 # Logic: If Trace Stat > Critical Value , we REJECT the null hypothesis
33 if trace_stat > crit_val:
34 res = f"Reject H0 (At least {r+1} relationships exist)"
35 else:
36 res = f"Cannot Reject H0 (Likely only {r} relationships)"
37

38 print(f"r <= {r} | {trace_stat :.4f} | {crit_val :.4f} | {
res}")

39

40 # Eigenvalues help determine the strength of the relationship
41 print("\nEigenvalues of the matrix (Strength of Cointegration):")
42 print(johansen_res.eig)
43

44 print("\nINTERPRETATION:")
45 print("If we reject r<=0, it means there is at least 1 cointegrating

relationship.")
46 print("If we reject r<=1, it means there are at least 2, and so on.")

Listing 2.2: Real-World Cointegration Verification Using Johansen Test

Figure 2.2: Results for Johansen Test

The Johansen Test applied to a basket of six major US banks (JPM, MS, GS, BAC, WFC,
C) failed to identify a statistically significant cointegrating relationship. Specifically, in the test
for rank r ≤ 0 (the null hypothesis that zero cointegrating vectors exist), the calculated Trace
Statistic of 89.18 fell below the 95% Critical Value of 95.75. Consequently, we are unable to reject
the null hypothesis. This statistical result is further corroborated by the near-zero eigenvalues,
indicating that any potential mean-reverting signal is negligible. Economically, this implies that
while these firms share the same sector, their individual price paths during this specific timeframe
were driven closer by idiosyncratic risks rather than a shared fundamental tether. Therefore,
a stationarity-based arbitrage strategy cannot be reliably constructed for this specific six-stock
basket without modification.
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2.4 From Math to Markets

Theory is useless without execution. Having mathematically confirmed a cointegrating relation-
ship using the ADF or Johansen tests, we must now transform these statistical outputs into
actionable trading signals.

2.4.1 Signal Generation: The Z-Score

The raw value of the spread (ϵt) is difficult to trade directly because its magnitude varies based
on the price of the underlying assets. A spread of $0.50 might be huge for a penny stock pair
but negligible for a pair of tech giants. To standardise our signals, we normalise the spread into
a Z-score. This tells us how many standard deviations the current spread is from its historical
mean. [[5]]

Zt =
ϵt − µϵ

σϵ
Where:

• ϵt is the current spread value.

• µϵ is the rolling mean of the spread.

• σϵ is the rolling standard deviation.

This normalisation allows us to define systematic entry and exit rules:

• Entry: When |Zt| > 2 (or another threshold like 1.5 or 3), the spread has stretched
significantly. If Zt > 2, the spread is "too high" (Asset A is overvalued relative to B), so
we Short A / Long B. If Zt < −2, we do the reverse.

• Exit: When Zt returns to 0, the relationship has reverted to the mean, and we close the
position to capture the profit.

2.4.2 Timing the Trade: The Ornstein-Uhlenbeck Process

A critical question in statistical arbitrage is, "How long will I be stuck in this trade?" If a
mean reversion takes three years, the capital lockup makes the trade unviable. To estimate
the expected holding period, we model the spread as an Ornstein-Uhlenbeck (OU) process, a
stochastic process that describes mean-reverting behaviour:

dϵt = θ(µ− ϵt)dt+ σdWt

Where:

• θ (theta) represents the speed of mean reversion.

• µ represents the long-run mean of the error term

• σ represents the long-run volatility of the error term

• dWt represents a change in a Wiener process (Brownian motion)

By fitting this differential equation to our residual series, we can calculate the Half-Life of the
trade—the time expected for the spread to revert halfway back to its mean.

Half Life =
ln(2)

θ

If the calculated Half-Life is extremely long (e.g., months), the "leash" is too loose, and the pair
should likely be discarded in favour of faster-moving opportunities.
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2.4.3 Risk Management: Structural Breaks

Finally, we must address the primary killer of stat-arb strategies: Structural Breaks. Cointegra-
tion is not a permanent law of physics; it is an economic observation that can change. A merger,
a regulatory change, or a shift in a company’s business model can permanently snap the "leash".
If the spread widens beyond, say, 4 or 5 standard deviations (Z > 5), it is often statistically more
likely that the relationship has broken rather than extended. In these cases, a hard stop-loss is
essential to prevent betting on a mean reversion that will never come.

2.5 Application Using WorldQuant’s Brain platform

Finally, we bridge the gap between academic theory and industry practice. While Python is
an excellent environment for researching specific pairs, it is computationally heavy to scale
across thousands of assets. Institutional platforms like WorldQuant Brain are designed for high-
throughput testing, allowing us to generalise our cointegration logic across the entire market
universe.
In this section, we will translate the mathematical formulas from Sections 1 and 2 into WorldQuant’s
expression-based syntax to build a mean-reversion "Alpha".

2.5.1 Translating the Math: Constructing the Signal

The trading strategy is evaluated using WorldQuant’s BRAIN platform, which backtests al-
phas by mapping them into a systematic long–short portfolio over a predefined universe. In
this framework, the strategy’s signal determines cross-sectional position weights, with assets ex-
hibiting stronger signals placed in the long book and weaker signals in the short book. The
resulting portfolio is approximately dollar-neutral, so gains and losses reflect relative-value per-
formance rather than overall market movements. This backtesting setup is well aligned with
cointegration-based strategies, as it isolates the mean-reversion component of the spread while
minimising exposure to broad market risk.
The alpha for this strategy is
− ts_zscore(ts_sum(returns− group_mean(returns, 1, sector), 60), 250).
The strategy first removes sector-wide effects by subtracting the sector mean return from

each asset’s return, thereby isolating relative price deviations within economically related groups.
These sector-adjusted returns are then aggregated over a 60-day window to capture persistent
departures from a local equilibrium. The resulting series is normalised using a 250-day time-series
z-score, expressing deviations relative to their historical variability. The negative sign induces a
contrarian positioning, allocating long positions to assets that have underperformed their sector
and short positions to those that have outperformed. Interpreted through the lens of statistical
arbitrage, the signal exploits mean reversion in relative prices while remaining largely insulated
from broader market and sector trends.

2.5.2 Results

The backtest results indicate that the strategy captures a persistent mean-reversion effect when
implemented within a systematic long–short portfolio. The cumulative PnL exhibits a stable
upward trend, consistent with repeatedly trading relative price deviations rather than directional
market movements. Mathematically, this behaviour aligns with the interpretation of the signal
as exploiting approximately stationary, sector-adjusted spreads.

The observed turnover of roughly 12% reflects the medium-horizon structure imposed by the
60-day aggregation and 250-day normalisation windows, indicating that the strategy responds
to sustained mispricings rather than short-term noise. The moderate Sharpe ratio should be in-
terpreted in the context of the dollar-neutral long–short framework, where returns are generated
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Figure 2.3: Brain platform results

solely from cross-sectional dispersion. By construction, this limits absolute risk-adjusted per-
formance while enhancing robustness across market regimes. Overall, the results are consistent
with a risk-controlled statistical arbitrage strategy designed to extract mean reversion in relative
price relationships.

It is important to note that due to computational constraints on high-frequency platforms,
this Alpha implementation relies on a simplified sector-neutral mean reversion approach rather
than a full VECM estimation. While strictly distinct from cointegration, this method acts as a
computationally efficient proxy by assuming the sector index acts as the ’integrating’ tether for
the individual stock.

2.6 Conclusion

This exploration has traversed the critical distinction between correlation and cointegration,
moving from the intuitive "Drunk and the Dog" analogy to the rigorous mechanics of the Engle-
Granger and Johansen tests. We established that while bivariate pairs trading offers a peda-
gogical foundation, modern statistical arbitrage requires the robustness of multi-asset baskets to
mitigate idiosyncratic risk. By translating abstract econometric concepts such as stationarity
and the Ornstein-Uhlenbeck process into actionable Z-score signals on platforms like WorldQuant
Brain, we bridged the gap between theoretical math and practical execution. Ultimately, the
durability of a quantitative strategy lies not in predicting random walks but in identifying and
capitalising on the fundamental economic tethers that ensure mean reversion in a chaotic mar-
ket.

22



Bibliography

[1] Gianna Boero. Cointegration – lecture notes. University of Warwick, n.d.. URL https:
//warwick.ac.uk/fac/soc/economics/staff/gboero/personal/hand2_cointeg.pdf. Ac-
cessed: 2025.

[2] Gianna Boero. Vector error correction models (vecm) – lecture notes. University of Warwick,
n.d.. URL https://warwick.ac.uk/fac/soc/economics/staff/gboero/personal/hand3_
vecm.pdf. Accessed: 2025.

[3] James G MacKinnon. Numerical distribution functions for unit root and coin-
tegration tests. Journal of Applied Econometrics, 11(6):601–618, 1996. URL
https://onlinelibrary.wiley.com/doi/abs/10.1002/%28SICI%291099-1255%28199611%
2911%3A6%3C601%3A%3AAID-JAE417%3E3.0.CO%3B2-T.

[4] Cemal Ozturk. Unveiling cointegration: Johansen test explained with
python examples, 2023. URL https://medium.com/@cemalozturk/
unveiling-cointegration-johansen-test-explained-with-python-examples-db8385219f1f.
Online Article.

[5] QuantStart Team. Basics of statistical mean reversion testing. QuantStart, n.d. URL https:
//www.quantstart.com/articles/Basics-of-Statistical-Mean-Reversion-Testing/.
Accessed: 2025.

23

https://warwick.ac.uk/fac/soc/economics/staff/gboero/personal/hand2_cointeg.pdf
https://warwick.ac.uk/fac/soc/economics/staff/gboero/personal/hand2_cointeg.pdf
https://warwick.ac.uk/fac/soc/economics/staff/gboero/personal/hand3_vecm.pdf
https://warwick.ac.uk/fac/soc/economics/staff/gboero/personal/hand3_vecm.pdf
https://onlinelibrary.wiley.com/doi/abs/10.1002/%28SICI%291099-1255%28199611%2911%3A6%3C601%3A%3AAID-JAE417%3E3.0.CO%3B2-T
https://onlinelibrary.wiley.com/doi/abs/10.1002/%28SICI%291099-1255%28199611%2911%3A6%3C601%3A%3AAID-JAE417%3E3.0.CO%3B2-T
https://medium.com/@cemalozturk/unveiling-cointegration-johansen-test-explained-with-python-examples-db8385219f1f
https://medium.com/@cemalozturk/unveiling-cointegration-johansen-test-explained-with-python-examples-db8385219f1f
https://www.quantstart.com/articles/Basics-of-Statistical-Mean-Reversion-Testing/
https://www.quantstart.com/articles/Basics-of-Statistical-Mean-Reversion-Testing/


Chapter 3

Physics-Informed Neural Networks as Fi-
nancial PDE solvers
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Abstract: This article studies Physics-Informed Neural Networks (PINNs) as con-
strained function approximation methods for solving partial differential equations. As-
set pricing under no-arbitrage leads to parabolic PDEs such as the Black–Scholes
equation, which are traditionally solved using grid-based numerical methods or Monte
Carlo simulations. However, these classical approaches suffer from scalability issues
as the dimension of the state space increases or computation issues due to slow con-
vergence of paths. We present PINNs as mesh-free residual minimisation schemes
that approximate pricing functions directly while enforcing the financial PDE as a
constraint. Focussing on the Black–Scholes framework, we develop the mathemati-
cal formulation of PINNs, analyse their approximation properties, and discuss their
advantages and limitations relative to Finite Differences and Monte Carlo methods.
Extensions to inverse problems, such as volatility calibration, are also discussed.

3.1 Introduction

Modern quantitative finance is defined by a persistent tension between model complexity and
execution speed. As financial instruments become increasingly sophisticated, the mathematical
models required to price them and hedge their risks grow in dimensionality: this complexity can
push traditional numerical solvers to their limits.

The subject of derivative pricing in particular is fundamentally a problem of valuation under
uncertainty subject to the principle of no-arbitrage. The Black–Scholes equation is the most
prominent model for option pricing and serves as a foundational model in both theory and
practice. The parabolic PDE is as follows:

∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ rS

∂V

∂S
− rV = 0

where,

V is the option value

S is the value of the underlying asset

24



Mathematical Finance Magazine Volume 6

σ is the volatility

t is the current time and T is the expiration date, so that 0 ≤ t ≤ T

r is the risk-free interest rate

While closed-form solutions are easy to obtain for simple European options, the case of
more complex instruments such as American options and Exotic derivatives requires the usage
of numerical approximations which may not entail analytic solutions. Two notable examples of
such numerical approximation methods are Finite Differences and Monte Carlo simulations.

The Finite Differences method operates by discretising the (S, t) domain into a mesh and ap-
proximating derivatives through local grid points. For the Black–Scholes equation, explicit, im-
plicit and Crank–Nicolson schemes are commonly used. Although this works for low-dimensional
problems, the number of grid points grows exponentially with the dimension of the state space
(i.e., the number of underlying assets). This computational bottleneck is known as the "Curse
of Dimensionality," [1]. On the other hand, we have the Monte Carlo method, which estimates
prices by simulating thousands of potential market paths. Although their convergence rate is
dimension-independent, they can be computationally intensive [9] (particularly when dealing
with Greeks) and struggle with the early-exercise characteristic inherent in American options.

Physics-Informed Neural Networks (PINNs) provide a mesh-free alternative by treating the
option price not as a set of points on a grid but as a continuous function learnt by a deep neural
network. In this framework, "physics" denotes the governing mathematical constraints of finance:
the fundamental laws of no-arbitrage and market equilibrium in particular. It should, however,
be noted that although the ’Physics-Informed’ nomenclature originates from applications in
fluid dynamics and solid mechanics (conservation of mass/energy in particular), this specific
adaptation to financial mathematics is often categorised under the emerging sub-genre of Finance-
Informed Neural Networks. By embedding financial PDEs directly into the network’s training
objective, we ensure that the learnt solution is economically consistent and transform the pricing
problem from a grid-based discretisation task into an optimisation problem. Such an approach
contrasts the "black-box" empiricism of standard neural networks with PINNs which utilise
deep neural networks as universal function approximators, capable of representing the complex,
non-linear mappings inherent in (financial) PDEs [? ].

3.2 Neural Network Foundations

PINNs are a type of Feedforward Neural Network (FNN). Loosely inspired by the biological
neurones of the human brain, FNNs are best viewed as mathematical engines that seek statistical
generalisation [4]. These "quintessential" deep learning models operate as universal function
approximators: they are structured as a chain of functions where information flows from an
input x (such as spatial coordinates and/or time) through various hidden layers to an output y
(such as temperature and/or velocity) by learning a set of optimal parameters.

Such a chain may be composed of three functions f (1), f (2) and f (3) where f(x) = f (3)(f (2)(f (1)(x))).
With each function f (i) indicating a ’layer’, the number of these layers defines the ’depth’ of the
model, hence the name "deep learning". Although the final ’output layer’ is constrained by train-
ing data or, in the case of PINNs, physical boundary conditions, the intermediate ’hidden layers’
are free to develop the internal representations required to minimise the error of the model.

Each function f (i) represents a linear transformation in a particular hidden ’units’ part of a
larger hidden layer: for a given input vector x the pre-activation value z is given by the weighted
sum of its inputs, plus a bias term:

z =

n∑
i=1

wixi + b
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Figure 3.1: A Deep Learning Neural Network taken from here

where,

xi is the input feature

wi is the weight

b is the bias

Then to introduce the non-linearity necessary for the model to approximate complex surfaces,
we apply an activation function, σ(z), determined by our choice of hidden unit e.g., the Rectified
Linear Unit (ReLU), the hyperbolic tangent (tanh) or sigmoid. The final output is then:

a = σ(z)

It can be intuitive to think of hidden units as musicians in a large orchestra with unique,
simple instruments and a limited range of notes (their activation function). A hidden layer is
similar to a section (e.g. strings, woodwinds), and the training process is the conductor (the
optimisation algorithm) learning the score (the PDE solution). Initially, the musicians play
randomly, but the conductor’s goal is not to simply match a few recorded melodies (the data
points) but to ensure that the entire piece obeys the composer’s rules of harmony and rhythm
(the PDE). By continually adjusting each musician’s volume (the weight) and timing (the bias),
the conductor blends their simple individual contributions into a complex, harmonious whole
that satisfies all the constraints.

Neural networks learn by iteratively adjusting their weights and biases to minimise the dif-
ference between their predictions and the reality. This process begins with a forward pass, where
the input data travels through the layers. Once a prediction is made in the output layer, a
loss function calculates the error by comparing that prediction to the actual target. To cor-
rect this error, the network performs ’backpropagation’, using the chain rule of calculus to work
backward from the output and determine how much each individual weight contributed to the
mistake. Finally, an optimisation algorithm like gradient descent slightly updates those weights
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Figure 3.2: Different activation functions taken from here

in the direction that reduces the error, repeating this entire cycle until the model achieves high
accuracy.

The choice of the activation function σ is critical in the context of the Black–Scholes equa-
tion, since the PDE has second-order derivatives. Thus, the activation function must be twice
differentiable and non-vanishing. Although the ReLU is usually considered the go-to option for
FNNs, the rectified linear function, g = max{0, z}, is not differentiable at z = 0. In practice,
gradient descent still works because we rarely hit exactly 0.000000... on a digital computer, and
software usually returns the derivative from one side (either 0 or 1), which is "good enough" for
the optimisation to converge [4]. In general, however, functions like tanh are preferred. There
is still substantial research into hidden units, and the process of determining which one is most
suited for an application is largely that of trial and error.

Before even applying a PINN to the Black–Scholes PDE we must ask, "can a neural network
actually represent the complex, nonlinear surface of an option pricing model?". In fact, one
of the strengths of FNNs in general are their ability to approximate non-linear functions as
well as linear ones: this result is the subject of the ’Universal Approximation Theorem’ (UAT).
Hornik et al 1989 [7] and Cybenko 1989 [3], showed that feedforward networks with only 1
"squashing" activation function and at least one hidden layer are capable of arbitrarily accurate
approximations to any real-valued continuous function over a compact set, provided that the
network is given enough hidden units (in this context, a "squashing" activation function is one
which maps inputs from an infinite range (e.g. (−∞,∞) to a finite interval (e.g. [0, 1]).

For our application we wish to approximate the solution to the Black–Scholes PDE V (S, t)
and the UAT guarantees the existence of a neural network that can represent this function
which is a surface. It should also be noted that the derivatives of the network can also be
approximated arbitrarily well [6]. This is of importance, as Greeks, such as Delta (∆ = ∂V

∂S ) and
Gamma (Γ = ∂2V

∂S2 ) are part of what defines the theory behind the PDE.
Although the UAT makes a claim on existence, it does not specify the size of the layer required

to guarantee an arbitrary level of accuracy. Crucially, Ian Goodfellow et al. [4] writes that, "In
many circumstances, using deeper models can reduce the number of units required to represent
the desired function and can reduce the amount of generalisation error", which justifies the use
of deeper architectures in contrast to the single-layer approach suggested by the seminal papers.

Furthermore, it is important to note that the UAT only makes a claim on existence: it does
not guarantee that the neural network will be able to learn the function it is trying to approximate
correctly. This means that there exists a specific configuration of weights and biases that can
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mimic the target function, but the optimisation algorithm (gradient descent) may never reach it
– this could be due to overfitting, for example. It is like having all the necessary Lego bricks for
a structure, but no exact manual to help.

PINNs also require a way to calculate the derivatives of that function to enforce the PDE –
this is the role of Automatic Differentiation.

3.3 Automatic Differentiation

There are three major ways to compute the derivative of a function f ′: Numerical Differenti-
ation, Symbolic Differentiation and Automatic Differentiation (the first two being very famil-
iar already). Numerical Differentiation relies on the definition of the derivative, i.e. f ′(x) =

lim
δ→0

f(x+δ)−f(x)
δ , whilst Symbolic Differentiation involves using mathematical expressions to pro-

duce an exact formula for the derivative, e.g. d
dx(3x

2) = 6x.
However, PINNs leverage Automatic Differentiation (AD) to compute the derivatives of the

neural network’s output with respect to its input coordinates (time and asset price). Unlike
numerical differentiation (which suffers from truncation and rounding errors) or symbolic differ-
entiation (which can lead to large and inefficient derivative expressions), AD decomposes complex
functions into elementary operations to compute exact derivatives at machine precision

AD evaluates derivatives by applying the chain rule to the elementary operations of the
’computational graph’: this is used to represent the mathematical expressions present in the
neural network. Each node denotes a variable, and the edges show the flow of data.

Reverse-Mode AD (Backpropagation) is the mode for training deep learning models. It is
most efficient when a function has many inputs (n) but few outputs (m), as it computes the
gradient ∇f in a single backward pass. In PINNs, it is primarily used to update the weights θ
relative to the loss function.

However, as an aside, it should be noted that the training process requires the derivatives
of the loss with respect to the network weights. This suggests the use of what is known as
’Forward-Mode AD’, which is efficient when the number of outputs is large relative to inputs
[? ]. For the Black–Scholes equation, where we differentiate the scalar output V with respect
to only two inputs (S, t), Forward Mode is theoretically superior since it avoids the memory
overhead of storing intermediate states required for a backward pass by carrying "dual numbers"
through the network simultaneously with the primal calculation.

The Black–Scholes PDE also requires the second-order derivative ∂2V
∂S2 (Gamma). In standard

frameworks like PyTorch, this is typically handled via ’Reverse-over-Reverse’ differentiation. It
involves a forward pass through the neural network, in which we compute V and build Graph 1.
A backward pass (backpropagation) in which we compute ∆ = ∂V

∂S by traversing Graph 1 and
building Graph 2). And then a second backward pass, where we finally compute Γ = ∂2V

∂S2 while
traversing Graph 2. This nested backpropagation is memory-intensive because the computational
graph grows linearly with the depth of the network and the order of differentiation. Consequently,
the graph for the second derivative is effectively twice the size of the original network graph.

To mitigate the "double backpropagation" bottleneck, emerging research suggests Taylor-
mode AD as a potential alternative: this method propagates truncated Taylor series coefficients
in a single pass, allowing for the simultaneous evaluation of higher-order derivatives [2].

A distinct advantage of the PINN framework over Finite Differences or Monte Carlo methods
is the extraction of the "Greeks." In traditional FD methods, Greeks are approximated via
"bumping" (re-running the solver with perturbed inputs), which introduces a "step size dilemma"
– balancing truncation error against subtractive cancellation. In Monte Carlo methods, path-
wise derivatives can be used where the option payoff function is differentiated with respect to
the parameters along each simulated price path – but this requires the payoff function to be
differentiable (i.e., smooth). In a PINN, once the network V (S, t) is trained, the Greeks are not
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Figure 3.3: A basic computational graph taken from here

approximations, but exact analytical properties of the network. Because the PINN is trained
to satisfy the PDE globally, these Greeks are often smoother and more consistent than those
obtained from local approximations, particularly near payoff kinks or boundaries [10] [11] .

3.4 The PINN framework

Another core aspect of PINNs is the construction of a composite loss function that penalises
deviations from both the observed data and the governing PDE [? ]. The PINN residual for the
Black–Scholes PDE is simply:

R =
∂V

∂t
+

1

2
σ2S2∂

2V

∂S2
+ rS

∂V

∂S
− rV = 0

It is a measure of how much the neural network’s current prediction fails to satisfy the
Black–Scholes equation – if the network perfectly solves the PDE, the residual at that point is
zero. PINNs utilise a set of ’collocation points’: these are unstructured (meaning that they do
not need to be evenly spaced) coordinates (Si, ti) where the PDE residual is evaluated. PINNs
function as global collocation methods where the residual is enforced to be small in aggregate
across these points. Because these points do not require fixed connectivity or a predefined mesh,
instead relying on sampled points, PINNs can effectively combat the "Curse of Dimensionality"
as they scale more efficiently to high-dimensional problems. The PDE loss is then calculated by
summing the squared residuals at Nf points sampled from the domain.

The distribution of collocation points is critical to ensure the network learns the pricing
surface accurately. Rather than simple random sampling, advanced techniques are used to ensure
the domain is "well-covered" such as Latin Hypercube Sampling.

The number of collocation points (Nf ) effectively defines the ’resolution’ of the physical
constraint. If Nf is too low, the network may fail to capture the curvature (Gamma) of the
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Figure 3.4: General representation of a physics-informed neural network for a boundary value
problem taken from here. The diagram illustrates the four primary stages of the PINN frame-
work. Namely: the forward pass, output transformation, automatic differentiation and loss
optimisation.

option price correctly; if it is too high, the computational cost of Automatic Differentiation
(AD) increases significantly. The loss is minimised by adjusting the network parameters θ until
the PDE residual at these specific points effectively vanishes.

The PINN is then trained by minimising the mean squared error loss:

MSE = MSEPDE +MSEAsymptotic +MSEPayoff (3.1)

MSEresidual ensures that the network’s output satisfies the PDE at a set of randomly sampled
collocation points within the domain. MSEAsymptotic and MSEPayoff ensure that the respective
boundary and terminal conditions are met, such as the option’s behaviour as the asset price
approaches zero and its payoff at expiration. The total loss enforces the PDE, boundary, and
terminal conditions simultaneously. By minimising this loss, the network is regularised to find a
solution that is both consistent with market data and theoretically sound.

This is illustrated in the Optimisation and Losses sections of Figure 4. MSE corresponds to
L, the total loss. LPDEs corresponds to MSEPDE . It calculates the squared residual R of the
Black-Scholes equation at Nrp collocation points. LBCs corresponds to MSEAsymptotic. LEXPs
corresponds to MSEPayoff . This data-driven term minimises the mean squared error between
the network’s prediction ũ and the actual observed market prices u∗ at Nep data points. The
other symbols present in the figure are as follows:

θ are the weights and biases (learnable parameters) of the network.

z are the input features S, asset price, and t, time till maturity.

z∗p are the collocation points sampled for each of the three losses.
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wi are adaptive weights used during training.

From a numerical analysis viewpoint, PINNs can be interpreted as global collocation methods:
the residual is evaluated at collocation points in the domain and enforced to be small in an
aggregate norm [? ].

3.5 Inverse Problems and Data-Driven Discovery

A persistent challenge in quantitative finance is that, while market prices for options are easily
observable, the underlying parameters, such as volatility σ, are latent variables. An Implied
Volatility Surface (IVS) is a useful three-dimensional plot that shows how the market’s expec-
tation of future volatility varies across different strike prices and expiration dates for a single
underlying asset. Calibration of IVS is a classically ill-posed inverse problem: multiple volatility
configurations can often produce the same market price, and noisy or sparse data can lead to
unstable results in traditional models. PINNs are uniquely suited for this task, transforming
the calibration process from a search for a single value into a data-driven identification of the
underlying governing dynamics.

In the inverse setup, volatility is treated as a learnable parameter or a functional output
within the neural network’s architecture. To ensure that this parameter accurately reflects market
reality without violating financial laws, the PINN must balance competing objectives. Recent
research by Hoshisashi et al. [8] introduced the "Whack-a-mole Learning" (WamL) framework
to solve the "gradient pathology" where different loss terms (data vs. physics) conflict during
training. WamL automatically adjusts the weights of the loss terms. If the model fits the
market data but begins to violate the Black–Scholes PDE, the algorithm "whacks" the physics
residual by increasing its penalty. Beyond the PDE itself, the framework enforces no-arbitrage
conditions represented as differential inequalities. This ensures that the discovered IVS is not
only mathematically accurate, but financially viable.

Although the canonical Black–Scholes model assumes constant volatility, PINNs are increas-
ingly used to infer more complex, time-varying functions. For example, research by Hainaut
and Casas [5] demonstrates that PINNs can replace computationally intensive standard pricing
methods in Heston-type models. By treating the volatility process as an additional dimension,
PINNs can value European options across a vast range of parameters without requiring retrain-
ing, offering a significant efficiency gain for real-time parameter estimation.

3.6 Limitations

While standard PINNs excel at smooth approximations, they suffer from spectral bias, where the
network prioritises low-frequency components of the solution. In the context of Black–Scholes,
this manifests itself as a failure to capture the "sharp" non-differentiable payoff at t = T (e.g.,
the kink in a European Call). Furthermore, PINNs often struggle with "temporal failure," where
errors from the initial or boundary conditions propagate throughout the domain because the
network tries to solve all time points simultaneously. Emerging architectures such as xLSTM-
PINNs [12] treat the PDE as a time-marching problem, using memory-gated units to maintain
the sharp features of the payoff across the time horizon.

The loss function of a PINN is a multi-objective optimisation problem consisting of multiple
elements whose terms often have conflicting gradients, leading to "stiff" optimisation landscapes
where the network converges to a trivial solution (e.g., the zero function). Gradient-enhanced
PINNs (gPINNs) and Adaptive Weighting methods mitigate this by embedding the gradient of
the residual into the loss function or dynamically rescaling the loss terms during training to
prevent one term from dominating the others [13].
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Figure 3.5: Example implied volatility surface taken from here.

3.7 Conlcusion

In conclusion, Physics-Informed Neural Networks offer a promising alternative for solving fi-
nancial PDEs such as the Black–Scholes equation. They provide a compelling solution to the
scalability issues inherent in traditional grid-based and simulation-based pricing methods. Even
though challenges remain in optimisation and convergence, the mesh-free nature of PINNs pro-
vides a useful tool for the next generation of financial modelling, particularly in high-dimensional
and inverse problem domains.
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Abstract: This article examines the predictive interpretation of interest rate parity
in foreign exchange markets. While parity conditions arise as no-arbitrage pricing
identities, they are frequently misused as forecasting tools for future exchange rate
movements. Using a deliberately restrictive empirical framework, the analysis evalu-
ates the ability of parity-implied forward rates to predict realised spot exchange rates
and revisits the forward premium puzzle from a structural perspective.

4.1 Introduction: Arbitrage, Parity, and the Promise of Pre-
dictability

Arbitrage plays a fundamental role in international finance (Duffie, 2001; Cochrane, 2005). At
its core, arbitrage refers to the existence of a trading strategy that delivers a risk-free profit with
zero net investment. The absence of such opportunities is not merely a simplifying assumption,
but a structural requirement for equilibrium in competitive financial markets. Asset pricing
theory, yield curve construction, and derivative valuation all rely on the idea that violations of
no-arbitrage conditions are transient and rapidly eliminated by rational market participants.

In foreign exchange markets, arbitrage considerations give rise to parity conditions that link
exchange rates to cross-country interest rate differentials (Obstfeld and Rogoff, 1996). These
conditions formalize the principle that borrowing in one currency and lending in another cannot
generate systematic excess returns once exchange rate risk is properly accounted for. Among
these relationships, interest rate parity occupies a central position, as it provides the theoretical
bridge between money markets and foreign exchange markets.

Forward exchange rates emerge as the institutional mechanism through which this bridge is
enforced. Unlike spot exchange rates, which reflect instantaneous currency valuations, forward
rates embed both time and relative interest rates. Their theoretical purpose is not to forecast
future exchange rate movements, but to eliminate arbitrage opportunities created by yield dif-
ferentials across countries. In this sense, forward rates are equilibrium prices determined by
no-arbitrage constraints rather than predictions formed by market participants.
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Despite this pricing-based origin, forward rates are frequently interpreted as predictors of
future spot exchange rates (Fama, 1984). This interpretation is formalised in the forward rate
unbiasedness hypothesis, which states that the forward rate equals the expected future spot
exchange rate. Under conditions of informational efficiency and risk neutrality, the forward
premium should therefore contain all relevant information about subsequent currency movements.

Empirically, however, this hypothesis has been repeatedly rejected. High interest rate cur-
rencies tend to depreciate less than predicted by forward rates and often appreciate instead,
generating persistent excess returns for carry trade strategies. This systematic deviation, known
as the forward premium puzzle, poses a fundamental challenge to the predictive interpretation
of one of the most elegant theoretical relationships in international finance (Fama, 1984; Engel,
1996).

This article revisits the forward premium puzzle using a deliberately restrictive empirical
framework. Rather than introducing additional explanatory variables or complex nonlinear mod-
els, the analysis constructs a pure theoretical benchmark implied by covered interest rate parity
and evaluates its ability to predict realised exchange rate outcomes. The focus is on the GBP–
USD exchange rate over a sample that spans periods of relative financial stability as well as
systemic crisis (Brunnermeier and Oehmke, 2013).

The objective is not to propose an exploitable trading strategy, nor to claim the existence
of arbitrage opportunities. Instead, the aim is to demonstrate why forward rates, despite their
mathematical coherence and central role in no-arbitrage pricing, are structurally ill-suited as
forecasting tools for future spot exchange rates. By carefully separating pricing identities from
predictive models, the article clarifies the economic content of interest rate parity and the limi-
tations that arise when it is misinterpreted as a source of exchange rate predictability.

4.2 Covered Interest Rate Parity as a Theoretical Benchmark

Covered interest rate parity represents the strongest no-arbitrage condition in foreign exchange
markets (Taylor, 1987). It applies in settings where exchange rate risk is fully eliminated through
the use of a forward contract. By construction, it describes an environment in which uncertainty
about future currency movements is removed, allowing investment returns across currencies to
be compared on a like-for-like basis.

The logic of covered interest rate parity begins with a simple portfolio choice. An investor can
either invest domestically at the prevailing risk-free interest rate or convert funds into a foreign
currency, invest abroad at the corresponding foreign risk-free rate, and simultaneously hedge the
future exchange rate using a forward contract. When exchange rate risk is fully hedged, these
two strategies must yield the same return. If they did not, a covered arbitrage opportunity would
exist, allowing investors to earn a riskless profit with zero net investment.

This no-arbitrage condition imposes a precise restriction on the relationship between spot
exchange rates, interest rates, and forward exchange rates. Let St denote the spot exchange rate
at time t, expressed as units of domestic currency per unit of foreign currency. Let Ft,T denote
the forward exchange rate contracted at time t for delivery at maturity T . Let rUS

t and rUK
t

denote the risk-free interest rates in the United States and the United Kingdom, respectively.
Covered interest rate parity implies that the forward rate must satisfy the pricing identity

Ft,T = St ×
(1 + rUS

t )T

(1 + rUK
t )T

. (4.1)

Crucially, this relationship is not an empirical regularity to be estimated nor a behavioural
statement about market expectations. It is a mechanical pricing condition that must hold in
equilibrium if arbitrage opportunities are absent and markets function frictionlessly (Hull, 2018).
The forward rate is therefore uniquely determined by the observed spot exchange rate and the
prevailing interest rate differential.
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This distinction is fundamental for the analysis that follows. Covered interest rate parity
specifies how forward rates are set given current market conditions; it does not assert that
forward rates contain independent information about future spot exchange rate movements.
Treating this pricing identity as a forecasting model requires an additional and substantially
stronger assumption, which is examined in the next section.

4.3 From Pricing Identity to Prediction Hypothesis

The pricing identity implied by covered interest rate parity places a strict restriction on how
forward exchange rates are set at the time they are quoted. However, it is silent about how spot
exchange rates will evolve in the future. To transform a no-arbitrage pricing condition into a
statement about predictability requires an additional assumption regarding market expectations.

This assumption is formalised in the forward rate unbiasedness hypothesis (Fama, 1984).
Under this hypothesis, the forward exchange rate quoted at time t for maturity T is equal to the
expected future spot exchange rate at time T , conditional on information available at time t. In
expectation form, this can be written as

Et[ST ] = Ft,T . (4.2)

The economic content of this hypothesis is substantial. It asserts not only that markets
are free of arbitrage, but also that investors are risk-neutral and that forward rates fully incor-
porate all relevant information about future currency movements. Under these conditions, the
forward premium reflects pure expectations of future depreciation or appreciation rather than
compensation for risk.

Importantly, the unbiasedness hypothesis does not follow from covered interest rate parity.
While parity ensures that forward rates are priced to prevent arbitrage today, unbiasedness
asserts that these prices are accurate forecasts of tomorrow’s spot exchange rate. Conflating
these two statements amounts to treating an equilibrium pricing condition as a predictive model.

This distinction becomes clear when expectations are confronted with realised outcomes.
Even if the forward rate equals the expected future spot rate on average, realised exchange rate
movements may deviate systematically from this expectation if risk premia, learning, or shifts
in global capital flows are present. Testing the unbiasedness hypothesis therefore requires an
explicit comparison between forward premia observed at time t and realised changes in spot
exchange rates over the corresponding horizon (Engel, 1996).

The next section formalises this comparison by translating the unbiasedness hypothesis into
a regression framework. This approach makes it possible to assess whether the information
embedded in forward rates systematically explains subsequent exchange rate movements and to
quantify the extent to which the predictive interpretation of interest rate parity holds in the
data.

4.4 Data Selection and Crisis Context

Evaluating the predictive interpretation of interest rate parity requires confronting theory with
data in settings where its assumptions are most likely to fail. Exchange rate movements are
influenced not only by interest rate differentials, but also by shifts in global risk appetite and
capital flows. Periods of financial stress therefore provide a particularly informative environment
in which to assess whether forward rates can plausibly function as forecasts.

The empirical analysis focuses on the period from January 2000 to December 2018, which
spans both relative financial stability and the global financial crisis (Brunnermeier and Oehmke,
2013). This variation allows the predictive interpretation of interest rate parity to be examined
across distinct economic regimes.
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The dataset consists of the GBP–USD spot exchange rate, two-year United States Treasury
yields, and two-year United Kingdom gilt yields. A fixed two-year maturity aligns the interest
rate instruments with the forward horizon implied by covered interest rate parity and avoids
distortions associated with rolling short-term rates.

By restricting attention to a single currency pair and a small set of core variables, the analysis
deliberately abstracts from many known determinants of exchange rates. This parsimony ensures
that any failure of parity-implied forward rates to predict realised exchange rate movements
reflects the limitations of the predictive interpretation itself rather than model complexity.

Figure 4.1: Parity-implied forward exchange rate and realised GBP–USD spot exchange rate at
maturity.

4.5 Constructing the Parity-Implied Forward Rate

Up to this point, covered interest rate parity has been treated as a theoretical restriction derived
from no-arbitrage arguments. To assess whether this restriction has any predictive relevance, it
must be translated into a measurable object that can be confronted with data. This step marks
the transition from theory to empirical evaluation.

Covered interest rate parity provides an explicit mapping from observable variables to a
forward exchange rate. Given a spot exchange rate and a pair of sovereign interest rates of
the same maturity, the forward rate is uniquely determined. Crucially, this forward rate is not
estimated statistically nor inferred from historical relationships. It is mechanically implied by
the assumption that arbitrage opportunities are absent.

Let St denote the spot GBP–USD exchange rate at time t, and let rUS
t and rUK

t denote the
two-year risk-free interest rates in the United States and the United Kingdom, respectively. The
forward exchange rate implied by covered interest rate parity is given by

Ft,T = St ×
(1 + rUS

t )T

(1 + rUK
t )T

. (4.3)

This expression is evaluated at each point in time using observed market data. Interest rates
are converted from quoted yields into pricing factors and adjusted for the two-year maturity
before being combined with the spot exchange rate. The resulting series represents a synthetic
forward rate implied entirely by theory.

At this stage, the analysis produces a sequence of forward prices quoted at time t. These
prices are not forecasts in themselves, as they refer to exchange at a future date. To evaluate
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predictability, the forward rate must be aligned with the spot exchange rate observed at its ma-
turity. The treatment of this temporal structure is central to the empirical test and is addressed
in the next section.

4.6 Temporal Alignment and the Meaning of Prediction

A forward exchange rate quoted at time t refers to an exchange that will occur at a specific
future date. Comparing this forward rate to the contemporaneous spot exchange rate is therefore
conceptually meaningless, as the two prices correspond to different points in time.

A valid test of predictability requires that each forward rate be evaluated against the spot
exchange rate observed at its maturity. A two-year forward rate constructed at time t must
therefore be compared with the spot exchange rate at time t + T . This alignment transforms
the forward rate from a static pricing object into a forecast made in the past and assessed in the
future.

Once this temporal alignment is imposed, the parity-implied forward rate and the realised
spot exchange rate at maturity can be examined jointly. While the two series may exhibit broad
co-movement over long horizons, persistent deviations emerge, particularly during periods of
financial stress. These deviations indicate that forces beyond interest rate differentials play a
dominant role in determining future exchange rates.

This comparison provides a first visual indication that the predictive interpretation of interest
rate parity is fragile, motivating the more formal statistical analysis that follows.

Figure 4.2: Parity-implied forward exchange rate constructed at time t and realised GBP–USD
spot exchange rate observed at maturity t+ T .

4.7 The Fama Regression: Formalising Predictability

Visual comparison alone is insufficient to establish whether forward rates possess genuine pre-
dictive content. Apparent co-movement over time does not imply that information embedded in
forward rates systematically explains future exchange rate changes. A formal statistical frame-
work is therefore required.

Predictability is assessed by examining whether variations in the forward premium observed
at time t are associated with subsequent changes in the spot exchange rate over the corresponding
horizon. To formalise this relationship, it is convenient to work in logarithms. Let st = logSt

denote the logarithm of the spot exchange rate, and let ft,T = logFt,T denote the logarithm of
the forward exchange rate quoted at time t for maturity T .
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The realised change in the exchange rate over the horizon T is given by

st+T − st, (4.4)

while the forward premium observed at time t is defined as

ft,T − st. (4.5)

Under the forward rate unbiasedness hypothesis, the forward premium equals the expected
future change in the spot exchange rate. Fama formalised this hypothesis in the regression
(Fama, 1984)

st+T − st = α+ β (ft,T − st) + εt+T . (4.6)

If forward rates are unbiased predictors of future spot rates, the intercept α should equal zero
and the slope coefficient β should equal one. Any deviation from these restrictions constitutes a
rejection of the unbiasedness hypothesis and indicates that forward premia reflect factors beyond
pure expectations of future exchange rate movements.

4.8 Empirical Results and the Forward Premium Puzzle

Figure 4.3: Fama regression output with heteroskedasticity-robust standard errors.

Estimating the Fama regression yields results that are informative but require careful interpre-
tation. The forward premium enters the regression with a positive and statistically significant
coefficient, while the intercept is not statistically different from zero. In practical terms, this
suggests that interest rate differentials embed some information about subsequent exchange rate
movements over the horizon considered. However, the existence of statistical association is not
equivalent to a reliable forecasting relationship.

The central implication follows from the magnitude of the estimated slope coefficient. Under
the forward rate unbiasedness hypothesis, the regression restrictions imply α = 0 and β = 1.
While the intercept behaviour is broadly consistent with the absence of a fixed forecast bias, the
slope coefficient deviates materially from unity. The null hypothesis of unbiasedness is therefore
rejected. Forward rates are not accurate predictors of future spot exchange rates, even though
the forward premium is not entirely devoid of explanatory content.

The regression output also clarifies why this result should not be interpreted as strong pre-
dictability. The explanatory power of the model is modest, indicating that a large fraction of
realised exchange rate variation remains unexplained by the forward premium. This is a critical
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distinction: a coefficient can be statistically significant in a time-series setting while still deliv-
ering limited economic usefulness for forecasting individual outcomes. Moreover, the reliance
on heteroskedasticity-robust inference is not cosmetic. Exchange rate series exhibit volatility
clustering and non-constant variance; robust standard errors ensure that statistical significance
is not spuriously driven by periods of elevated volatility.

A complementary perspective is provided by the cross-sectional geometry of the relation-
ship. Figure 4.4 plots realised exchange rate changes against the forward premium. The fitted
regression line slopes upward, consistent with the positive estimate of β, but the dispersion of
observations around the line is large. Most observations cluster near small forward premia, yet
realised exchange rate changes vary widely within this region. This concentration highlights a
practical limitation: precisely where the forward premium signal is smallest (and most common),
realised outcomes remain highly uncertain.

Figure 4.4: Realised change in the GBP–USD exchange rate plotted against the forward premium,
with fitted Fama regression line.

Taken together, the regression output and the scatter plot reinforce the forward premium
puzzle. The forward premium does not behave as a neutral forecast of subsequent depreciation.
Instead, the relationship is noisy, unstable, and economically incomplete: interest rate differen-
tials alone are insufficient to account for exchange rate dynamics, particularly during periods of
heightened uncertainty. This motivates the economic interpretation developed next, in which for-
ward premia are understood as reflecting compensation for risk and exposure to global financial
conditions.

4.9 Economic Interpretation and the Role of Risk

The rejection of the forward rate unbiasedness hypothesis does not imply that foreign exchange
markets are inefficient or that arbitrage opportunities persist. Instead, it highlights a limitation
of the predictive interpretation imposed on a pricing relationship. Covered interest rate parity
holds as a no-arbitrage condition, but its use as a forecasting device implicitly assumes that
interest rate differentials reflect only expectations of future depreciation.

In practice, interest rate differentials embed compensation for risk (Lustig, Roussanov and
Verdelhan, 2011). High interest rate currencies are often associated with greater exposure to
global financial conditions and tend to perform poorly during periods of heightened risk aversion
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(Verdelhan, 2010). Investors therefore require higher yields to hold these currencies, and the
resulting forward premium reflects a risk premium rather than a pure expectation of depreciation.

From this perspective, the forward premium puzzle arises naturally. When global risk appetite
is strong, capital flows toward higher-yielding currencies, leading them to appreciate rather than
depreciate as parity-based forecasts would suggest. Conversely, during periods of financial stress,
capital reallocates rapidly toward safe-haven currencies, generating exchange rate movements
that are largely unrelated to interest rate differentials.

This interpretation is consistent with the empirical results reported above. The forward
premium contains information, but that information reflects exposure to systematic risk rather
than reliable predictive content. Forward rates therefore remain coherent pricing objects, while
their failure as forecasting tools reflects the presence of time-varying risk premia and shifting
global financial conditions.

4.10 Strategy Simulation and the Illusion of Arbitrage

Figure 4.5: Simulated cumulative returns of a trading strategy based on signals derived from the
forward premium.

The statistical association identified by the Fama regression may be misinterpreted as ev-
idence of an exploitable trading opportunity. To illustrate the limitations of this inference, a
simple trading strategy based on signals derived from the forward premium is simulated. The
purpose of this exercise is not to propose a viable trading rule, but to examine the consequences
of treating parity-based predictability as operationally meaningful.

On paper, the resulting performance appears striking. The simulated strategy generates
persistent excess returns, seemingly contradicting the rejection of unbiasedness and suggesting
the presence of systematic arbitrage opportunities. However, this conclusion is illusory. The
simulation abstracts from key economic constraints that govern real-world trading.

In particular, the strategy assumes frictionless execution, unlimited liquidity, and the ability
to maintain positions through periods of extreme volatility. It ignores transaction costs, funding
constraints, margin requirements, and drawdown risk (Gromb and Vayanos, 2010). During peri-
ods of financial stress, precisely when exchange rate movements are most severe, these constraints
become binding and often force liquidation at unfavourable prices.

Rather than revealing arbitrage, the simulation exposes a model artefact. It demonstrates
how statistical relationships can be transformed into apparently profitable strategies when di-
vorced from economic reality. The exercise reinforces a central theme of the article: statistical
predictability does not imply economic profitability, and violations of forward rate unbiasedness
do not constitute arbitrage opportunities.
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4.11 Conclusion

This article set out to examine a persistent source of confusion in international finance: the in-
terpretation of interest rate parity as a predictive model for future exchange rate movements. By
carefully separating no-arbitrage pricing identities from forecasting hypotheses, the analysis clar-
ifies why forward rates, despite their mathematical coherence as no-arbitrage pricing conditions,
fail as reliable predictors of realised spot exchange rates.

By employing a deliberately restrictive empirical framework, the paper constructed forward
exchange rates implied purely by covered interest rate parity and evaluated their predictive con-
tent through the Fama regression. The empirical results confirm the forward premium puzzle:
while interest rate differentials contain some information about subsequent exchange rate move-
ments, forward rates systematically mispredict both the direction and magnitude of future spot
rate changes. Statistical significance does not translate into economic usefulness.

Crucially, this failure does not imply market inefficiency or the existence of arbitrage op-
portunities. Instead, it reflects the presence of time-varying risk premia and shifting global
financial conditions that are absent from parity-based pricing relationships. Forward premia
embed compensation for exposure to adverse states of the world rather than pure expectations
of depreciation, rendering parity-implied forecasts structurally incomplete.

The strategy simulation reinforces this distinction. Apparent excess returns generated by
forward-premium-based trading rules arise only under unrealistic assumptions that abstract from
transaction costs, funding constraints, and risk exposure. Once these considerations are recog-
nised, the illusion of arbitrage disappears.

The broader implication is methodological. No-arbitrage conditions play a central role in
asset pricing, but their predictive content is limited when they are removed from the economic
context in which prices are formed. Forward rates remain indispensable pricing objects in foreign
exchange markets, yet their use as forecasting tools rests on assumptions that are rarely satisfied
in practice. Recognising this distinction is essential for interpreting exchange rate models and
for understanding the limits of predictability in international finance.
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vestor Risk
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Abstract: This study conducts a cross-market empirical analysis of AI-related assets
across five economies, which are South Korea, Taiwan, Mainland China, Japan, and
the United States, employing the generalised sup augmented Dickey-Fuller (GSADF)
test, GARCH models, and drawdown and tail-risk measures. Using daily data from
December 2019 to October 2025, suggesting that AI-related assets are characterised
not by a single global bubble collapse, but by asynchronous high-risk regimes shaped
by market-specific structures.

5.1 Introduction

With the rapid advancement of artificial intelligence (AI) technologies, there is unprecedented
growth in the market valuation of AI-related firms across global equity markets. This raises con-
cerns about whether this price change reflects fundamental technological progress or speculative
excess driven by market narratives [2].

At present, the empirical literature on AI-related asset pricing is largely concentrated on
the United States, with studies focusing on AI-exposed firms or technology-heavy indices. In
contrast, research on other regions, particularly China and the broader Asia-Pacific market, tends
to examine bubbles at the level of the digital economy or the technology sector as a whole, rather
than isolating AI-related assets as a distinct object of analysis.

Therefore, this study designs three research questions:

• Do AI-related assets exhibit bubble-type price behavior?

• Are such dynamics ongoing or indicative of market destabilization rather than collapse?
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• What forms of risk do investors face under these conditions?

This study employs a unified empirical framework that integrates bubble detection, volatility
modelling, and downside risk analysis. Bubble-type behaviour is identified using the generalised
sup augmented Dickey-Fuller (GSADF) test, which detects explosive price episodes without
requiring assumptions about fundamental values [6]. Volatility dynamics are examined using
GARCH models to assess persistence and regime shifts. Investor risk exposure is evaluated
through drawdown and tail-risk measures [3]. The analysis covers representative AI-related
assets from the United States, Taiwan, South Korea, Japan, and Mainland China, providing a
cross-market perspective on AI-driven price dynamics.

5.2 Data and Periodization

5.2.1 Market and Asset Selection

The selection of these five assets is driven by their representative roles within the global AI
ecosystem rather than by market size alone. Each asset occupies a structurally central po-
sition in the AI value chain, making its price dynamics particularly responsive to changes in
AI-related investment expectations. NVIDIA is selected to represent the United States due to
its dominance in AI accelerator hardware and its role as a bottleneck supplier for large-scale AI
computation. TSMC is chosen to capture Taiwan’s exposure as the world’s leading advanced
semiconductor foundry, supplying critical AI chips to global technology firms. Samsung Elec-
tronics represents South Korea’s AI exposure through its integrated position in both memory
and logic semiconductors, which are essential inputs for AI infrastructure. Tokyo Electron is se-
lected to reflect Japan’s role in semiconductor manufacturing equipment, a segment that directly
enables AI-related capacity expansion rather than final product demand. For Mainland China,
an AI-themed exchange-traded fund is used instead of a single firm, as AI activity in Mainland
China is distributed across multiple companies and no single entity dominates the sector in the
same way as in other markets. Together, these assets provide a comprehensive representation of
AI-related exposure across key segments of the global AI value chain.

5.2.2 Data Description

The sample spans December 2019 to October 2025, yielding 1,215 aligned daily observations for
each series. Daily closing prices are collected over the longest available sample period for each
asset to ensure sufficient observations for time-series analysis. The use of daily frequency allows
the analysis to capture short-run dynamics, volatility clustering, and explosive price behaviour
that may be obscured at lower frequencies. Returns are computed as logarithmic differences
of prices, as the continuously compounded multi-period return is the sum of continuously com-
pounded single period returns, which is useful for multi-periods analysis [4]. Log returns are
computed as:

rt = ln(Pt)− ln(Pt−1)

5.2.3 Subperiod Definition

To capture structural changes in AI-related price dynamics, the sample is divided into three
subperiods. The first subperiod, the Pre-AI phase (2019-2020), was when AI technologies were
developing steadily but had not yet become a dominant market narrative. The second subperiod,
the AI Expansion phase (2020-2022), due to accelerated adoption of cloud computing caused
by COVID-19 [1]. Then, with the emergence of ChatGPT, the third subperiod, the AI Hype
phase (2023 onward), reflects the surge in market attention following the widespread adoption
of generative AI applications and large language models [5].
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5.3 Methodology

5.3.1 Bubble Detection Using the GSADF Test

Bubble-type price behaviour is examined using the Generalised Sup Augmented Dickey-Fuller
(GSADF) test proposed by Phillips, P. C. B. et al. [6], identifying periods during which prices
grow at an abnormally fast and accelerating rate.

The GSADF procedure is implemented by repeatedly conducting tests over a large number
of overlapping subsample windows to assess whether asset prices exhibit explosive growth during
specific periods, capturing the possibility that speculative behaviour may emerge multiple times
within the same price series. The GSADF statistic is constructed as the maximum test statistic
obtained across all subsamples, and statistical significance is evaluated using bootstrap critical
values.

In this analysis, when the GSADF statistic exceeds its corresponding critical value, the
relevant period is classified as exhibiting statistically significant bubble-type characteristics, in-
dicating that price dynamics have deviated from normal stochastic fluctuations and entered a
phase of speculative acceleration.

5.3.2 Volatility Modeling

Volatility dynamics are examined using GARCH (1,1) models estimated on return series, cap-
turing how uncertainty evolves and persists over time in AI-related asset markets.

Let rt denote the daily log return. Daily log returns are defined as

rt = ln(Pt)− ln(Pt−1).

Volatility is modelled using a GARCH(1,1) process,

σ2
t = ω + αε2t−1 + βσ2

t−1.

The persistence of volatility is measured by α + β, with values close to one indicating that
volatility shocks slowly decay, indicating that periods of increased uncertainty tend to persist
even after the initial shock has passed.

In empirical analysis, this persistence measure is used to compare how long high-risk con-
ditions last across markets, not to forecast volatility levels. This allows for a cross-market as-
sessment of whether AI-related uncertainty dissipates quickly or remains elevated for prolonged
periods.

5.3.3 Investor Downside Risk Measures

Investor risk exposure is assessed using drawdown-based and tail-risk measures.
Maximum drawdown is defined as the largest peak-to-trough decline in the price series over

the sample period. This measure reflects the worst cumulative loss that a buy-and-hold investor
could experience.

Drawdown duration measures the number of trading days required for prices to recover from
a previous peak, capturing the length of recover periods.

To capture extreme downside risk, tail events are defined as observations where

|rt| > 2σ,

with σ denoting the standard deviation of daily returns.
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5.4 Empirical Results

5.4.1 Return Distribution Characteristics

Descriptive statistics indicate that average daily returns are positive in all five markets, reflecting
the strong upward trend associated with the diffusion of AI technologies. However, the magnitude
of return volatility differs substantially between regions.

Table 5.1: Descriptive Statistics of Market Returns

Market Mean Return Std. Deviation Hurst Exponent

KR_SAMSUNG 0.0012 0.018 0.570

TW_TSMC 0.0015 0.020 0.562

CN_515070 0.0008 0.017 0.548

JP_TEL 0.0011 0.022 0.510

US_NVDA 0.0023 0.026 0.585

Assets in the United States and Japan exhibit relatively higher return dispersion, consistent
with more active trading and higher exposure to global investor sentiment. In contrast, assets
in Taiwan, South Korea, and Mainland China display comparatively lower volatility, suggesting
more constrained price movements or stronger institutional anchoring. These differences highlight
that AI-related assets are embedded in distinct market environments rather than responding
uniformly to global narratives.

All five assets exhibit Hurst values above 0.5, indicating persistence rather than random.
This persistence suggests that past price movements contain information about future dynamics,
a feature often associated with trend-following behaviour and speculative environments.

5.4.2 Bubble-Type Price Behavior

GSADF statistics in Table 2 indicate statistically detectable explosive-price episodes across all
five markets.
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Figure 5.1: Timing of GSADF-Detected Bubble Regimes Across Five AI Markets. This figure
shows periods in which the GSADF test identifies statistically significant explosive price be-
haviour for each AI-related asset. Each marker represents a trading day classified as part of a
bubble regime.

However, the frequency and timing of these episodes differ markedly, suggesting that bubble
dynamics are not synchronized across economies.

Figure 5.2: Explosive Price Pressure Across Five AI Markets. This figure plots the difference
between the BSADF statistic and its 95% critical value over time. Values above zero indicate
statistically significant explosive price pressure.

The GSADF results indicate that all five AI-related assets experience statistically detectable
explosive price episodes at the 95 confidence level. However, the strength of the explosive sig-
nal varies dramatically across markets. The U.S. asset displays the highest GSADF statistic,
suggesting particularly strong and recurrent episodes of accelerated price growth. Taiwan also
exhibits pronounced explosiveness, reflecting its central role in the global AI hardware supply
chain.

In contrast, South Korea and Japan show weaker but still statistically significant signals,
while Mainland China exhibits explosive episodes that are shorter and more episodic. These
findings imply that AI-related bubble dynamics are not synchronised across markets. Instead,
they appear to be shaped by market-specific factors such as investor composition, regulatory
environments, and the position of firms along the AI value chain.

Crucially, the presence of GSADF-detected explosiveness does not imply an inevitable price
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Table 5.2: GSADF Test Results

Market GSADF Statistic CV (95%) CV (99%) Bubble Detected (95%)

KR_SAMSUNG 2.91 1.82 2.47 Yes

TW_TSMC 3.46 1.79 2.43 Yes

CN_515070 2.67 1.75 2.39 Yes

JP_TEL 2.14 1.81 2.45 Yes

US_NVDA 4.02 1.83 2.51 Yes

Notes: GSADF statistics test for explosive price behavior relative to a unit-root benchmark. Critical values are
obtained via bootstrap simulation.

collapse. Rather, it signals deviations from standard stochastic trends, which may or may not
be followed by abrupt corrections.

5.4.3 Downside Risk and Tail Exposure

Downside risk measures summarized in Table 3 show pronounced cross-market differences.

Table 5.3: Downside Risk and Tail Exposure of AI-Related Assets

Market Max Drawdown DD Days (< −5%) DD Days (< −10%) Longest DD (Days) Extreme Days (|rt| > 2σ)

KR_SAMSUNG -0.428 1050 907 673 182

TW_TSMC -0.439 839 631 423 164

CN_515070 -0.512 1151 1108 1064 141

JP_TEL -0.558 865 668 325 201

US_NVDA -0.663 735 508 307 248

Notes: Max drawdown measures the peak-to-trough loss of the cumulative return index. DD Days count the
number of trading days exceeding the specified drawdown thresholds. Extreme Days denote observations where
absolute returns exceed two standard deviations.
Extreme Days denote observations where |rt| > 2σ.

Downside risk measures reveal substantial difference across markets. The U.S. asset exhibits
the deepest maximum drawdown, indicating severe peak-to-trough losses during adjustment
phases. It also shows the highest frequency of extreme return days, reflecting heightened crash
risk. This combination suggests that explosive growth in the U.S. market is accompanied by
sharp and sudden downside corrections.

By contrast, Mainland China displays fewer extreme losses but the longest drawdown dura-
tion, indicating prolonged periods of capital erosion rather than abrupt crashes. This pattern
suggests that speculative stress in this market manifests as sustained underperformance rather
than dramatic collapses. Japan experiences pronounced tail losses despite lower volatility per-
sistence, while South Korea and Taiwan occupy intermediate positions.

These findings demonstrate that AI-related bubble adjustments do not follow a single bursting
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mechanism. Instead, risk manifests in different forms, depending on market structure and trading
behaviour.

5.4.4 Volatility Persistence and Regime Differences

GARCH persistence estimates reported in Table 4 indicate substantial cross-market differences
in the way volatility shocks evolve over time. In South Korea, Taiwan, Mainland China, and the
United States, α + β are close to unity, suggesting that periods of heightened volatility tend to
be long-lasting once initiated, implying extended phases of elevated uncertainty. By contrast,
Japan exhibits noticeably lower volatility persistence, indicating a faster adjustment back to
normal volatility levels following market disturbances.

These persistence patterns are consistent with the subperiod volatility comparisons shown
in Table 5. Across all five markets, volatility increases during the AI Hype phase, reflecting
intensified speculative activity. However, the magnitude and persistence of this increase vary
across economies. In particular, the United States and Japan experience the largest absolute
increases in short-term volatility during the hype period, while markets with higher persistence
exhibit more sustained volatility regimes.

Table 5.4: GARCH(1,1) Volatility Persistence Estimates

Market ω α β α+ β

KR_SAMSUNG 0.000002 0.082 0.898 0.980

TW_TSMC 0.000003 0.091 0.872 0.963

CN_515070 0.000002 0.085 0.891 0.976

JP_TEL 0.000004 0.105 0.595 0.700

US_NVDA 0.000006 0.097 0.864 0.961

Notes: α+ β captures volatility persistence. Values close to one indicate prolonged high-volatility regimes.

Table 5.5: Subperiod Volatility Across AI Market Phases

Market Pre-AI AI Expansion AI Hype

KR_SAMSUNG 0.018 0.015 0.021

TW_TSMC 0.020 0.023 0.027

CN_515070 0.017 0.019 0.028

JP_TEL 0.022 0.024 0.030

US_NVDA 0.026 0.031 0.038

Notes: Subperiods defined as Pre-AI, AI Expansion, and AI Hype.

5.5 Discussion

This study answered three related questions concerning speculative dynamics in AI-related assets:
whether bubble-type price behaviour is present, whether such dynamics imply a market collapse,
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and what forms of risk investors face under these conditions.
The results provide clear evidence that AI-related assets exhibit bubble-type price behaviour.

GSADF statistics identify multiple explosive price episodes across all examined markets, particu-
larly in the United States and Taiwan, indicating periods of speculative price acceleration beyond
fundamentals. However, the timing, frequency, and duration of these episodes differ substantially
across markets.

Additionally, the findings do not support the interpretation that the recent AI boom has
resulted in a synchronized or abrupt market collapse. In the U.S. market, explosive episodes
largely terminate by mid-2024, yet downside risk remains elevated, as reflected in deep drawdowns
and frequent extreme return days. This pattern is more consistent with a late-stage adjustment
process rather than a clean bursting event. In contrast, Mainland China exhibits prolonged
drawdown duration, indicating gradual capital erosion rather than sudden crashes.

Finally, the analysis highlights that investor risk under AI-driven speculative conditions mate-
rialises through different channels. In some markets, risk is concentrated in extreme tail events,
while in others it appears as extended drawdown duration. This distinction is economically
meaningful, as drawdowns capture losses relevant to buy-and-hold investors, whereas tail risk is
particularly important for leveraged or short-horizon strategies.

5.6 Limitations

The analysis relies on representative AI-related assets in each market rather than comprehensive
AI sector indices. While this approach allows for a clear and consistent cross-market comparison,
it inevitably involves a degree of simplification. Therefore, the findings should not be interpreted
as a complete description of all AI-related firms within each economy.

These empirical methods employed are designed to identify high-risk price dynamics and
loss characteristics, not to predict the precise timing or magnitude of market crashes. This is
important to notify because speculative dynamics do not necessarily lead to immediate or abrupt
price collapses.

5.7 Conclusion

This study analyses speculative price behaviour and investor risk in AI-related assets across
five major economies during the recent global AI boom. Using bubble detection, volatility
modelling, downside-risk measures, and rolling correlation analysis, it provides a comparative
perspective on how AI-driven market enthusiasm translates into financial risk across different
market environments.

The findings show that all five markets exhibit episodes of speculative price dynamics, but
these do not lead to a synchronized global bubble collapse. Instead, substantial cross-market
differences are found in volatility persistence, drawdown severity, and tail-risk exposure. Some
markets experience sharp and concentrated losses, while others undergo prolonged periods of
capital erosion.

Overall, the results suggest that AI-related financial risk should be understood through
market-specific risk structures rather than a single bubble narrative. Rather than focusing on
whether a bubble will burst, the analysis highlighted the importance of examining how losses
emerge and persist across different markets during periods of heightened technological optimism.
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Chapter 6

A Topological Approach to Option Mar-
kets

Kubrat Hruzewicz

Edited by: Francesco Papini

Abstract: We investigate whether topological features of option markets can improve
practical volatility regime forecasting for quantitative trading. Each day is represented
by a high-dimensional vector of implied volatilities across multiple underlyings, mon-
eyness buckets, and maturities, forming a trajectory in Rd. After scaling and PCA,
we compute persistent homology on sliding windows of this trajectory, producing per-
sistence diagrams that summarize local market “shape” across scales. We vectorize
these diagrams (total and maximal persistence in H1 and H2) and use them to de-
sign, train, and test a neural classifier for short-horizon IV “spike” regimes defined
from a near-term ATM IV index. Augmenting the TDA features with a lagged regime
input, our model beats strong majority and persistence baselines on balanced accuracy
and macro-F1 out-of-sample.

6.1 Introduction

Topological data analysis has been used for mapping brain connectivity and disease diagnosis.
In finance, It has been applied to detect market crash warning signals. It has been demonstrated
that the duration (persistence) of one-dimensional topological features—specifically loops in the
data—increases significantly just before market crashes [10]. We wanted to extend this idea.

Option markets encode a rich cross-sectional object: the implied volatility (IV) surface as
a function of strike and maturity for each underlying. Across a universe of equities, the joint
evolution of these surfaces can be viewed as a high-dimensional dynamical system driven by macro
shocks, earnings events, and changing risk premia. The goal of this project is concrete: can we
extract features from the geometry of the market’s state trajectory that help forecast volatility
regimes?

Topological Data Analysis (TDA) is appealing here because it summarizes the shape of data
robustly: rather than fitting a particular parametric model, it asks qualitative questions such
as “does the local trajectory look like it is moving along a line (one dominant mode), or does it
swirl around a loop (cyclical behaviour)?” Persistent homology formalizes these questions across
scales and outputs persistence diagrams [1–3].
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To keep the exposition focused on the forecasting problem, we present the pipeline as a
sequence of subproblems:

1. State representation. Build daily state vectors by stacking binned IV quotes across
underlyings, maturities and moneyness.

2. Denoising and compression. Apply PCA to reduce dimension while preserving dominant
variance directions.

3. Local geometry capture. Compute sliding-window persistent homology to summarize
local trajectory shape.

4. Vectorization. Convert persistence diagrams into feature vectors.

5. Forecasting + evaluation. Train neural models and compare against simple, strong
baselines (majority and persistence).

Throughout, we highlight why certain baselines are strong and why metrics like balanced accuracy
and macro-F1 are more informative than raw accuracy under heavy class imbalance.

6.2 Building the state vectors

We perform a medium-scale analysis of a universe of |U | = 30 large-cap equities. The core
representation is: the concatenated option book across tickers is one point in a high-dimensional
space. Let I ⊂ N index trading days. For each t ∈ I, define the market state vector

xt =
(
σ
(u,k,τ)
t

)
u∈U, k∈K, τ∈T ∈ Rn,

where σ(u,k,τ)
t denotes the implied volatility for underlying u at moneyness bucket k and maturity

bucket τ . In our implementation:

• U is a fixed set of 30 equity tickers,

• K are moneyness bins with edges

0.5, 0.6, 0.7, 0.8, 0.9, 1.0, 1.1, 1.2, 1.3, 1.4, 1.5,

• T are maturity bins with edges (in calendar days)

0, 7, 14, 30, 60, 90, 180, 270, 365, 730,

• hence n = |U | · (|K| − 1) · (|T | − 1).

6.2.1 Binning and missing data

Real option books are sparse: not every strike/maturity has a reliable quote every day. We
therefore:

1. bin options into (maturity,moneyness) buckets;

2. aggregate within each bucket (mean of available IVs);

3. carry NaNs forward into downstream computations using nanmean-style aggregation.

This keeps the representation simple while retaining a consistent grid over time and across tickers.
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6.2.2 Why this representation helps TDA

The sequence {xt}Nt=1 ⊂ Rn is a trajectory in a high-dimensional space. TDA is not applied to
the full cloud as an unordered set; instead we use sliding windows to capture local shape of the
trajectory, which is where “regime” information tends to live.

6.3 Method overview:
PCA + sliding-window persistent homology

This section explains the mathematical tools only at the level needed to understand the empirical
pipeline. We do not manipulate chains or boundary operators explicitly; persistent homology is
computed by ripser, and we focus on what the output means and how it becomes a forecasting
feature.

6.3.1 Principal Component Analysis (PCA)

Before computing persistent homology, we reduce dimension and denoise the state vectors. PCA
is a linear method that finds orthonormal directions capturing maximal variance [5].
Let x1, . . . , xN ∈ Rn be the state vectors, with mean

µ =
1

N

N∑
t=1

xt,

and centered data matrix Xc ∈ RN×n whose t-th row is (xt − µ)⊤. The empirical covariance
matrix is

Σ =
1

N − 1
X⊤

c Xc.

PCA computes eigenpairs Σvi = λivi with λ1 ≥ · · · ≥ λn ≥ 0. The k-dimensional PCA projection
is

zt = V ⊤
k (xt − µ) ∈ Rk, Vk = (v1, . . . , vk) ∈ Rn×k.

Intuitively, zt retains the dominant cross-sectional modes of IV movement (level/slope/curvature
across the stacked surface), while removing directions dominated by noise.

6.3.2 Simplices or “shape from points”

Persistent homology needs a way to build a topological object from a finite set of points. The
key idea is to form a simplicial complex: points (0-simplices), edges (1-simplices), triangles
(2-simplices), tetrahedra (3-simplices), etc., glued together in a consistent way.

Figure 6.1: Example of a simplicial complex.

The qualitative feature that matters most in this project is H1 (loops). It measures whether the
points arrange around a cycle. In general H0 which gauges the connected components/clusters,
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and H2 which detects voids are also relevant. For example, points sampled along a line segment
have one connected component and no loops; points sampled around a circle have one connected
component and one prominent loop. Persistent homology detects these patterns across different
scales rather than at a single arbitrary threshold. To make this more precise we need to introduce
the notion of a Vietoris-Rips filtration.

6.3.3 Basics of Vietoris–Rips filtration

Fix a finite point cloud X ⊂ Rk with Euclidean distance. Let δ ≥ 0 be arbitrarily small and
imagine placing a closed ball of radius δ/2 around each point. As δ increases, balls begin to
intersect:

• when two balls intersect, connect the corresponding points by an edge;

• when three balls have a common intersection, fill in the triangle;

• similarly for higher intersections producing higher simplices.

The Vietoris–Rips complex is the simplicial complex built by this rule (equivalently: include
a simplex whenever all pairwise distances are at most δ). As δ grows, the complex only gains
simplices, giving a filtration.

Figure 6.2: Selected example of a Vietoris-Rips filtration.

6.3.4 Persistence diagrams

As we increase δ, topological features appear and disappear. Persistent homology records:

• when a feature is born (first appears),

• when it dies (merges or gets filled in).

Definition 6.1 (Persistence diagram). Fix a degree p ≥ 0 and a point cloud X. The persistence
diagram in degree p is the multiset

Dp(X) = {(bi, di) ∈ R2},

where each (bi, di) corresponds to a p-dimensional homology class that appears at scale bi and
disappears at scale di in the Vietoris–Rips filtration. The persistence (lifetime) is ℓi = di − bi.

Once again:

• p = 0 tracks connected components,

• p = 1 tracks loops,

• p = 2 tracks voids.
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Features far from the diagonal b = d have large lifetime, are more robust to noise and sometimes
of interest. [4].

Figure 6.3: Example of persistance diagrams for “clean” and “noisy” circles. Persistent homology
retains all important features (those far away from the diagonal) even in the presence of noise.

6.4 From persistent homology to features

Persistent homology outputs diagrams, but neural networks require vectors. We therefore define
a feature map

Φ : {diagrams} → Rm.

6.4.1 Sliding-window persistent homology (precise pipeline)

The market state trajectory is time-ordered. To capture local geometric/topological behaviour,
we compute persistent homology on overlapping windows.
Fix PCA dimension k and window size W . Let zt ∈ Rk denote the PCA-projected state on day
t. For each window ending at t define

Wt = {zt−W+1, . . . , zt} ⊂ Rk.

We compute Vietoris–Rips persistence diagrams Dp(Wt) for p ∈ {0, 1, 2} using ripser [6]. This
yields a time-indexed sequence of diagrams {Dp(Wt)}Nt=W .

Figure 6.4: Sample persistence diagram. Each point (b, d) represents a topological feature born
at scale b and dying at scale d. Distance from the diagonal reflects lifetime.
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6.4.2 Vectorization

There are many diagram vectorizations: persistence images, landscapes, Betti curves [9]. In this
project we vectorize as follows: for each window end time t and each d ∈ {1, 2},

Totd(t) =
∑

(bi,di)∈Dd(Wt)

(di − bi), Maxd(t) = max
(bi,di)∈Dd(Wt)

(di − bi).

We concatenate these across configurations

k ∈ {2, 3, . . . , 10}, W ∈ {10, 20, 30},

producing a feature matrix XTDA indexed by window end dates.

Figure 6.5: Example graph for a specific window and PCA dimension.

6.5 Targets: an IV index and spike labels

This section defines the prediction target with the exact parameter choices used in the experi-
ment, since target construction turns out to be one of the main practical bottlenecks.

6.5.1 Near-term ATM IV index

To obtain a scalar series summarizing “market volatility level”, we define an IV index from the
state vectors. Let B be the set of bucket indices satisfying:

• maturity in [0, 30] days (using the maturity bins in Section 2),

• moneyness in [0.9, 1.1] (ATM-ish).

For each day t, for each ticker u, average IV over bins (k, τ) ∈ B, then average across tickers:

IVIndex(t) =
1

|Ut|
∑
u∈Ut

(
1

|B|
∑

(k,τ)∈B

σ
(u,k,τ)
t

)
,

where Ut denotes tickers with non-missing values in the chosen bins.

6.5.2 H-day change and spike-regime labels

Fix horizon H = 5 days and define

∆H(t) = IVIndex(t+H)− IVIndex(t).

Direct regression on ∆H(t) was difficult to outperform with our features, and strong baselines
such as “predict 0” or “predict mean” dominated. Figure 6.6 shows typical regression behaviour.
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Figure 6.6: Examples of direct regression attempts on ∆H(t) using TDA features. Performance
is often dominated by noise and strong trivial baselines.

We therefore consider a classification target based on quantiles of ∆H(t):

ycls(t) =


−1, ∆H(t) ≤ q0.10,

0, q0.10 < ∆H(t) < q0.90,

+1, ∆H(t) ≥ q0.90.

This is heavily imbalanced (most days are neutral), so we report balanced accuracy and macro-F1
in addition to raw accuracy.

6.6 Models, baselines, and evaluation

Neural networks were implemented in TensorFlow using the Keras API (tf.keras) [7, 8].

6.6.1 Baselines

We compare against:

• Neutral/majority baseline: always predict the neutral class. This achieves high raw
accuracy when the neutral class dominates, but has poor balanced accuracy by construc-
tion.

• Persistence baseline: predict today’s label equals yesterday’s label. This is strong be-
cause volatility regimes are sticky; it yields better balanced accuracy than the majority
baseline even if raw accuracy is lower.

6.6.2 Neural classifier (specific architecture and training)

We train a feedforward classifier on XTDA (standardized with StandardScaler) with an addi-
tional lag feature representing yesterday’s class (one-hot encoded). The final architecture used
in the reported results is:

• MLP: Dense(128, ReLU)→ Dropout(0.2)→ Dense(64, ReLU)→ Dropout(0.2)→ Dense(3,
softmax),

• optimizer: Adam with learning rate 10−3,
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• loss: focal loss with γ = 0.8 (to reduce “over-polarization” from aggressive reweighting),

• training: early stopping on validation loss and learning-rate reduction on plateau,

• class imbalance: handled by oversampling minority classes in the training split only.

This set of choices is motivated by a recurring failure mode: without addressing imbalance the
network collapses to predicting neutral; with overly aggressive imbalance handling it becomes
too trigger-happy (over-predicting spikes). The γ = 0.8 focal loss was a practical compromise.

6.7 Empirical setup and results

6.7.1 Experimental configuration (summary table)

To avoid burying the reader in scattered parameter choices, Table 6.1 summarizes the experi-
mental setup used for the reported classification results.

Component Choice used in experiment
Universe U 30 equities (stacked option books)
Moneyness bins K edges: 0.5, 0.6, . . . , 1.5
Maturity bins T (days) edges: 0, 7, 14, 30, 60, 90, 180, 270, 365, 730
Scaling StandardScaler on state vectors
PCA dims k ∈ {2, 3, . . . , 10}
Window sizes W ∈ {10, 20, 30}
PH degrees p ∈ {1, 2} (features from H1, H2)
TDA features Totd(t) and Maxd(t) for d ∈ {1, 2}
IV index bins maturities in [0, 30] days; moneyness in [0.9, 1.1]
Horizon H = 5 trading days
Labels 3-class via 10%/90% quantiles of ∆H(t)
Model MLP 128-64 with dropout 0.2 and softmax output
Loss focal loss, γ = 0.8
Optimizer Adam, lr 10−3

Baselines Neutral/majority; persistence (lag-1 label)
Metrics Accuracy, balanced accuracy, macro-F1

Table 6.1: Summary of experimental choices used for the classification results reported in Ta-
ble 6.2.

6.7.2 Results and discussion (classification)

Table 6.2 reports performance on a held-out test split.

Model Accuracy Balanced Acc. Macro F1
Neural net (TDA + lag feature) 0.6913 0.5417 0.4620
Neutral / Majority 0.8304 0.3333 0.3025
Persistence 0.7739 0.4502 0.4502

Table 6.2: Classification performance on a held-out test window. Because the neutral class
dominates, the majority baseline attains high raw accuracy but poor balanced accuracy and
macro-F1. The TDA-based model trades off raw accuracy to improve minority-class recognition,
beating persistence on balanced accuracy and macro-F1.

The interpretation is:

59



Mathematical Finance Magazine Volume 6

• Why majority has high accuracy. If ≈ 80% of days are neutral, always predicting
neutral yields ≈ 0.8 accuracy, but it fails on the spike classes and therefore has balanced
accuracy near 1/3.

• Why persistence is strong. Regimes are sticky: yesterday’s label is informative, so
persistence can outperform majority on balanced accuracy even if raw accuracy drops
slightly.

• What TDA adds. The TDA+lag model improves balanced accuracy and macro-F1
beyond persistence, suggesting it catches some spike-direction structure that is not purely
explained by regime stickiness. The cost is lower raw accuracy, which is expected when the
classifier does not default to the majority class.

Figure 6.7: Example spike-regime classification output. The goal is not to maximize raw accuracy,
but to improve detection of minority spike regimes (measured by balanced accuracy and macro-
F1) relative to the persistence baseline.

6.8 Conclusion

We constructed a high-dimensional representation of option market states and applied sliding-
window persistent homology to obtain topological summaries of the market trajectory. These
summaries were converted into numerical features and used in neural classifiers to predict short-
horizon IV spike regimes defined from a near-term ATM IV index. The empirical results highlight
two central practical facts: (i) naive baselines are strong in volatility forecasting, especially per-
sistence; (ii) improvements are most visible in imbalance-aware metrics rather than raw accuracy.
Within this framework, topological features provide incremental predictive value when combined
with simple temporal information.
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Chapter 7

Gaussian Process Regression for estimat-
ing Local Volatility Surface
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Edited by: Adam Lewandowski

Abstract: This article aims to introduce the local volatility surface, the concept of
a Gaussian Process Regression (GPR), showcase a simple implementation of Gaus-
sian Process Regression in estimating the function for the local volatility surface of
options from available market data on the options implied volatility and strike price
and conclude with further possible improvements that can be done to the model.

7.1 Introduction

The infamous Black-Scholes PDE is used very often as a base in pricing options. However, it
assumes the volatility of the underlying asset, σ, remains constant throughout the option’s life.
Suppose the asset is assumed to grow at a constant rate. The volatility of the asset is then
the value that indicates the variance of that constant rate of growth. This is not a robust as-
sumption given that in real life, for a fixed expiry date, the options traded on the market often
create implied volatilities whereby, if plotted against different strike prices, creates what is called
a volatility smile. Implied volatilities are volatilities obtained from the options traded in the
market by using their current market price in the Black-Scholes model and solving backwards
for σ.

Dupire addressed this by introducing their eponymous PDE equation [1] that incorporates
the function σ (T,K) AKA the local volatility surface, which depends on the option’s expiry date
T and strike price K. (Figure 1 reflects the σ(T,K) function). Notice the function σ2(T,K) in
the Dupire’s PDE below:

δC

δT
+ rK

δC

δK
− K2σ2(T,K)

2

δ2C

δK2
= 0

The first problem we encounter is to get the σ(T,K) function itself. We fix the maturity
date T . Market data only gives us points like below:

But we would like a continuous function that approximates these points so that we can get
volatilities for options with any strike, beyond just the strikes listed on the market.
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Figure 7.1: Picture shows how a typical volatility smile looks like. (Author’s own)

Figure 7.2: Plot of implied volatilities of Apple stock call options maturing on 20 February 2026
(this is our T ). Data obtained on 26 December 2025. (Author’s own)

7.2 The Gaussian Process Regression

Imagine we already have n data points (or observations) Y = (y1, ..., yn) (response variables) and
X = (x1, ..., xn) (explanatory variables).

The linear regression that we are familiar with, assumes that Ŷ can be "modeled" as, for
instance, yi = µ+ βxi. You would have to "specify" an analytical formula that relates yi to xi.
The Gaussian Process Regression (GPR) eliminates this restriction.

The GPR [2], assumes that Ŷ can be modeled as having a Multivariate Normal Distribution
(note that Var(x) = Cov(x, x)):ŷ1

...
ŷn

 =

f(x1)
...

f(xn)

 ∼ N


µ(x1)

...
µ(xn)

 ,

 Var(x1) · · · Cov(x1, xn)
...

. . .
...

Cov(xn, x1) · · · Var(xn)


 (7.1)

where ŷi is the predicted value of yi for corresponding xi, which we can simply write as f(xi),
a map from xi to ŷi. The expression above can be written in compressed form as:
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Ŷ = f(X) ∼ N(µ(X),K) (7.2)

where:

• µ(X) is the mean vector

• K is the covariance matrix

• f(X) is the vector of Ŷ , which are simply the values of ŷi

Looking at the marginal distributions we see that :

ŷi = f(xi) ∼ N(µ(xi), V ar(xi))

It is like saying that "for each xi, we predict a distribution of values of ŷi".

In regression, we are really interested in knowing the values of f(x) at unobserved values of
x, which we denote as a vector X∗ = (x∗1, · · · , x∗2). We first simply extend the mean vector
and covariance matrix of Equation 7.2 for these unobserved X∗ to get the joined distribution of
f(X) and f(X∗), or in other words, P (f(X), f(X∗)|X,X∗) [1]:[

f(X)
f(X∗)

]
∼ N

([
µ(X)
µ(X∗)

]
,

[
K K∗
KT

∗ K∗∗

])
(7.3)

where:

• µ(X∗) is the mean vector

• K∗ is the covariance matrix K(X,X∗), where K(X,X∗)ij = Cov(Xi, X∗j)

• K∗∗ is the covariance matrix K(X∗, X∗), where K(X∗, X∗)ij = Cov(X∗i, X∗j)

• f(X∗) is the value of the function evaluated at unobserved explanatory variables X∗.

Finally, by finding the marginal and conditional distribution for f(X∗), or P (f(X∗)|f(X), X,X∗),
we get [1]:

f(X∗)|f(X), X,X∗ ∼ N
(
KT

∗ K
−1f(X),K∗∗ −KT

∗ K
−1K∗

)
(7.4)

To visualise this, below is an example:

Figure 7.3: This is an example of a GPR [3]. Blue dots are the sample input data points generated
by the function f(x) = x sin(x). The solid orange line is the f(x). We take a "slice" through
the red dotted line at x = 7.
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Figure 7.4: This is the distribution of f(x) at x = 7 (Author’s own)

7.2.1 Initialising µ and Σ

When initializing, the mean µ is set to µ = (0, ..., 0), a vector of zeros with length equal to the
number of data points we have.

And for Σ, we would need to evaluate variances and covariances for all x̂1, · · · , x̂n. We would
like a way to calculate these, such that for two different values xi and xj we have:

• If xi = xj , then Cov(xi, xj) = 1

• If xi − xj → ∞, then Cov(xi, xj) → 0 i.e. the further away the values xi and xj are from
each other, Cov(xi, xj) should become smaller

This also ensures that the functions we are fitting is continuous. A widely used function that
satisfies the 2 criteria for this situation is the Radial Basis Function (RBF) [2]:

Cov(xi, xj) = σ2
f · e−

(xi−xj)
2

2l (7.5)

where the parameters σf and l are to be estimated.

There are many other possible functions that can be used besides the RBF. These family of
functions satisfies the 2 criterias we specified above. A common way to refer to these functions,
particularly in Gaussian Processing and the wider machine learning space, is called the "kernel".

The estimated parameters of σf and l should be the one that maximises p(f(x)|x, σf , l), the
probability of f(x) given that we have x. Formally:

(σf,estimate, lestimate) = argmax
σf ,l

p(f(x)|x, σf , l) = argmax
σf ,l

log p(f(x)|x, σf , l)

i.e. the values of σf and l that makes the values of f(x) that we see be the most likely given
the values of x.

I will use the built-in optimiser in the Python library ScikitLearn.
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7.3 Implementing GPR on Apple call option chain

We will be using Apple’s call option chain taken from Yahoo Finance, the same data plotted in
Figure 2.

About the data:

• Today’s date t = 26 December 2026

• Maturity T = 20 Febreuary 2026

• number of datapoints n = 63

• ŷ1, · · · , ŷ63 the implied volatilities

• x̂1, · · · , x̂63 the corresponding strike prices

Notice that in Figure 3, the values of f(x) ranges from positive to negative. However, the
implied volatilities we have from Figure 2 is only positive. Since volatility, or standard deviation
of a stock can only be > 0, but GPR predicts positive and negative values, we would have to
transform the implied volatilities beforehand.

The transformation we will be doing is only to the implied volatility, ŷi [1]:

ŷi,transformed = log(ŷi)

This ensures for any values ŷi,transformed that our GPR estimates for given x̂i,

ŷi = eŷi,transformed

we always get an implied volatility ŷi > 0.

Since in GPR, we are assuming that ŷi,transformed ∼ N(µ(x̂i),Var(x̂i)). Because of how we
did our transformation, ŷi follows a log-normal distribution:

ŷi ∼ N

(
exp

(
µ(x̂i) +

Var(x̂i)
2

)
, exp

(
2µ(x̂i) + 2Var(x̂i)2

)
− exp

(
2µ(x̂i) + Var(x̂i)2

))
Data from Figure 2 is transformed and is plotted in Figure 5 below.

Figure 7.5: Plot of transformed implied volatilities. Notice how the values of the transformed
implied volatilities now take positive and negative values (Author’s own)
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Let’s conduct GPR on this data. The following is the first 10 rows of the data, the code that
we will run and plots of fitted GPR on transformed and true implied volatility:

implied_vol strike transformed_vol
1.218754 100.0 0.197829
1.146489 105.0 0.136704
1.134770 110.0 0.126430
1.124028 115.0 0.116918
1.021489 120.0 0.021262
1.014165 125.0 0.014066
0.979492 130.0 -0.020721
0.935059 135.0 -0.067145
0.920899 140.0 -0.082405
0.840334 145.0 -0.173956

The code to fit a Gaussian Process with ŷi being the transformed vol and x̂i being strike is
as follows:

X = np.array(data["strike"]).reshape(-1,1)
Y = np.array(data["transformed_vol"]).reshape(-1,1)

kernel = 1 * RBF(length_scale = 1)
gaussian_process = GaussianProcessRegressor(kernel=kernel)
gaussian_process.fit(X,Y) # fitting data
gaussian_process.kernel_ # obtaining optimised parameters for our kernel

The final plot of log(implied volatilities) and implied volatitilities, together with the GPR:

Figure 7.6: Left: GPR of log(implied volatilities) Right: GPR of implied volatilities after trans-
forming back using ŷi = eŷi,transformed (Author’s own)

The variance of our predictions for the implied volatility of the out-of-the-money call options
which strike prices are far away from the current stock price is significantly higher than those
closer to the current stock price. This is because for regions with sparse data points, the GPR
will predict with higher volatility, and for regions with dense data points, the GPR will predict
with lower volatility.

67



Mathematical Finance Magazine Volume 6

We can see this clearer with the pdf of implied volatilities at two different strike prices not
quoted in our data depicted below.

Figure 7.7: Top: We take two values of x "strike price" not present in our data, indicated by the
blue and red dotted lines. Bottom Left: Plot of distribution for Implied Volatility for x = $212.
Bottom Right: Plot of distribution for Implied Volatility for x = $415. The standard deviation
for the predicted Implied Volatility for strike price $212 is smaller than the one for strike price
$415. (Author’s own)

7.4 Conclusion

Gaussian Process, unlike linear regression, gives you a "distribution" of functions. What we have
done here involves one "response variable" which is the implied volatility, and one "explanatory
variable" which is the time to maturity. However, this model can be extended to also incorporate
another "explanatory variable" which is the strike price. In general, Gaussian Process can be
extended to as many "explanatory variables" as one like. However, the high-dimensionality of
the data may cause the calculations to require more computation power.

Further improvements from the model can be incorporating a "prior" belief on the "distri-
butions" of the parameters σf and l in the RBF kernel [1]. What this does is that given values
for time to maturity and strike price, besides the expected implied volatility, we also get the
variance of our estimation which incorporates not only variances calculated from the kernel, but
also variances from the "distributions" of the parameters σf and l.

Hopefully, we can use our implied volatilities in the pricing of the option, via Crank-Nicolson
or other numerical method to approximate a solution for the Dupire’s PDE.
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Chapter 8

Learning Across Market Regimes: Trans-
fer Learning in Financial Mathematics

Shrivar Singh

Edited by: Valerio Altissimo

Abstract: This article frames financial markets as a sequence of evolving probability
laws rather than a single stationary data-generating process. Because volatility, de-
pendence, and tail behaviour shift across time, models calibrated in one regime can
fail sharply in another, even when estimation noise is small. We formalise this as
learning under distributional shift, where training and deployment risks differ, and
show how standard learning-theoretic bounds make the role of regime divergence ex-
plicit. Transfer learning then arises naturally as inference across a family of related
market environments. We emphasise a mathematically coherent view of transfer via
hierarchical Bayesian modelling: shared hyperparameters encode cross-regime struc-
ture, producing data-driven priors that enable fast adaptation when a new regime
arrives with limited data. We also highlight the central risk of negative transfer under
misspecification and connect transfer to distributionally robust optimisation, where ro-
bustness controls sensitivity to regime mismatch. Finally, we discuss why uncertainty
quantification must expand beyond within-regime parameter uncertainty to include
uncertainty about regime similarity itself, and we outline open research directions
linking regime metrics, sequential decision-making, and scalable robust inference for
high-dimensional markets.

8.1 Introduction: Financial Markets as Evolving Stochastic Sys-
tems

Financial markets are best understood not as static stochastic systems, but as evolving collections
of probabilistic environments. Empirically, asset returns exhibit pronounced non-stationarities:
volatility and dependence structures vary across time, and tail behaviour can change abruptly
under macroeconomic shocks, policy interventions, and endogenous feedback. These features are
not peripheral; they are intrinsic to financial data [3].

Much of classical financial mathematics, however, is built around structural stability. Asset
prices are often modelled as being generated by a fixed stochastic process, or at least one that is
locally stationary, so that historical observations may be pooled to estimate parameters, calibrate
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risk measures, or solve stochastic control problems. When regimes shift, models that perform
well in one environment can degrade sharply in another, and these failures cannot be explained
solely by finite-sample estimation error.

The core issue is not only uncertainty about parameters within a fixed model, but uncertainty
about the data-generating distribution itself. If returns at time t are generated according to

Xt ∼ Pθt ,

then learning θt (or fitting Pθ) in one period provides limited guarantees about future behaviour
when θt evolves or when Pθt changes qualitatively. Classical asymptotic arguments based on
repeated sampling from a single distribution therefore offer limited protection in non-stationary
markets.

This motivates a shift in perspective: rather than treating each regime as an isolated estima-
tion problem, it is more natural to view markets as repeatedly sampling from a family of related
stochastic systems. The challenge is then to reuse historical information without inducing bias
or overconfidence. Transfer learning provides a principled framework for doing so by explicitly
modelling cross-regime structure [11], enabling data-efficient adaptation while accounting for
heterogeneity and model mismatch.

8.2 Formalising Non-Stationarity in Financial Markets

Let (Ω,F ,P) be a probability space and let {Xt}t≥0 denote an observable financial process, such
as log-returns or price increments. Classical financial models assume that the joint distribution
of {Xt} is governed by a fixed probability law. In its simplest parametric form, this is expressed
as

Xt ∼ Pθ for all t ≥ 0,

for some unknown but time-invariant parameter θ ∈ Θ. Under this assumption, inference pro-
ceeds by pooling observations across time to estimate θ, and asymptotic guarantees follow from
repeated sampling under a fixed distribution.

Non-stationarity violates this foundational assumption. In practice, the
data-generating mechanism evolves over time, and observations are more appropriately modelled
as

Xt ∼ Pθt , θt ∈ Θ,

where {θt} is itself a latent, time-varying process. Even this formulation, however, can be overly
restrictive. Many regime changes in financial markets involve qualitative changes in dependence
structure, tail behaviour, or support, which cannot be captured by smooth variation of a finite-
dimensional parameter.

A more general and mathematically faithful formulation treats market regimes as elements
of a family of probability measures

P = {P : P is a probability measure on (X ,B)},

where X denotes the observation space. The market at time t is then characterised by a distri-
bution Pt ∈ P, and the observed process satisfies

Xt ∼ Pt.

Non-stationarity corresponds to the fact that the sequence {Pt} is not constant, and may evolve
either smoothly or abruptly.

This formulation highlights an important distinction between two types of non-stationarity.
In parametric non-stationarity, all Pt lie within a common parametric family {Pθ : θ ∈ Θ}, with
θt varying over time. In contrast, distributional non-stationarity [8] allows Pt to move across
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different regions of P, potentially violating modelling assumptions altogether. Financial crises,
liquidity shocks, and regulatory interventions often induce the latter.

From a statistical perspective, this distinction is critical. Classical consistency and optimality
results rely on the assumption that observations are drawn from a fixed distribution, or at
least from a distribution that converges in an appropriate sense. When {Pt} evolves, empirical
averages no longer converge to a single population quantity, and estimators may stabilise around
parameters that have no clear interpretation.

The learning problem in finance is therefore not merely to estimate a single parameter θ, but
to perform inference across a sequence of related probability measures. This reframing motivates
approaches that explicitly model relationships between regimes, rather than treating each pe-
riod as an isolated estimation problem. Transfer learning arises naturally in this context as a
framework for exploiting structure across {Pt} while accounting for uncertainty, heterogeneity,
and potential model misspecification. Figure 8.1 gives a schematic view of this perspective: the
market is represented as a sequence of distributions {Pt}, where gradual changes correspond to
nearby Pt and abrupt moves correspond to structural breaks. This motivates treating learning
as adaptation across related regimes rather than inference under a single fixed law.

time t

distributional shape

P1 P2 P3

P4 P5

structural break

Interpretation:
nearby regimes: modest shift
far regimes: distributional shift

Figure 8.1: Schematic illustration of non-stationary markets as a sequence of evolving distribu-
tions {Pt}. Nearby regimes represent gradual or parametric change, while larger jumps represent
structural breaks or distributional shifts.

8.3 Risk Minimisation Under Distributional Shift

Many problems in financial mathematics can be formulated as problems of risk minimisation.
Let (X ,B) denote the observation space and let F be a class of models or decision rules. Given
a measurable loss function ℓ : F × X → R, the population risk of f ∈ F under a probability
distribution P is

RP (f) = EX∼P [ℓ(f,X)],

whenever the expectation exists. This formulation encompasses squared-error losses for forecast-
ing, negative log-likelihoods for probabilistic models, and utility- or cost-based losses arising in
portfolio optimisation and execution problems.

Classical statistical learning theory assumes that both training and deployment occur under
the same distribution P . Under this assumption, empirical risk minimisation yields estimators
whose risk converges to that of the optimal population solution as the sample size increases,
provided suitable regularity conditions hold.

In financial applications, this assumption is routinely violated. Models are typically trained
on data generated under a source distribution Psource, but deployed under a potentially different
target distribution Ptarget. The relevant quantity of interest is therefore

RPtarget(f),

even though f has been optimised to minimise RPsource(f).
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This introduces a source of error that is fundamentally distinct from estimation noise. Even
if f minimises RPsource exactly, its excess risk under the target distribution,

RPtarget(f)− inf
g∈F
RPtarget(g),

may be large when Psource and Ptarget differ substantially.
This effect can be formalised using tools from learning theory. If the loss function ℓ(f, ·) is

Lipschitz with respect to a metric on X , then for suitable choices of probability metrics d one
obtains bounds of the form [1]

RPtarget(f) ≤ RPsource(f) + C d(Psource, Ptarget),

where C depends on the Lipschitz constant of ℓ. Typical choices of d include total variation
distance, integral probability metrics, and Wasserstein distance.

This inequality makes precise a central difficulty of financial modelling: even modest distri-
butional shifts can induce large changes in risk when losses are sensitive to tail behaviour, as
is common in finance. A model may exhibit excellent in-sample performance under Psource, yet
perform poorly under Ptarget when volatility, dependence, or tail properties change.

From a financial perspective, this explains the empirical fragility of many quantitative strate-
gies. Apparent robustness in backtesting reflects optimisation under a specific distribution, rather
than stability across regimes. Risk is therefore determined not only by model quality, but also
by the divergence between training and deployment environments.

Transfer learning addresses this problem by explicitly modelling relationships between dis-
tributions. Rather than minimising risk under a single Psource, it seeks representations or priors
that perform well across a family of related distributions, thereby reducing sensitivity to regime
change and providing a principled bridge between efficiency and robustness.

8.4 Transfer Learning as Hierarchical Bayesian Inference

A mathematically natural and conceptually unifying framework for transfer learning is hierar-
chical Bayesian inference. Figure 8.2 summarises the model structure: a shared hyperparameter
ϕ induces regime-specific parameters θk, which generate regime-specific datasets Dk, and the
learned posterior over ϕ is then reused to inform inference in a new regime ⋆.

ϕ

θ1
θk

θK

D1 Dk
DK

θ⋆

D⋆

transfer

· · · · · ·

historical regimes k = 1, . . . ,K

new regime ⋆θk | ϕ ∼ Gϕ

Dk | θk

Figure 8.2: Hierarchical Bayesian transfer learning across regimes. Hyperparameters ϕ encode
cross-regime structure; conditioning on past regimes yields a data-driven prior for θ⋆ in a new
regime.

73



Mathematical Finance Magazine Volume 6

Rather than treating each market regime as an independent estimation problem, hierarchical
models explicitly encode relationships between regimes through shared latent structure.

Suppose that financial data are observed across a collection of regimes indexed by k =
1, . . . ,K. In regime k, observations satisfy

X
(k)
t ∼ Pθk ,

where θk ∈ Θ denotes a regime-specific parameter governing the data-generating process. Classi-
cal modelling would estimate each θk independently, implicitly assuming no structural relation-
ship between regimes.

Hierarchical modelling relaxes this assumption by introducing a shared prior structure. Specif-
ically, regime-specific parameters are assumed to arise from a common distribution,

θk | ϕ ∼ Gϕ,

where ϕ denotes hyperparameters encoding cross-regime regularities, and Gϕ denotes a family
of prior distributions for regime-specific parameters indexed by ϕ. Intuitively, ϕ controls what
is “shared” across regimes (e.g. typical volatility scale, correlation structure, or tail-heaviness),
while θk captures regime-specific deviations.

From a Bayesian perspective, learning now proceeds on two levels. Conditional on ϕ, inference
within each regime resembles standard Bayesian estimation. Across regimes, observed data allow
inference on ϕ, thereby learning what aspects of the stochastic structure are shared.

Given data D1:K = {D1, . . . ,DK} from multiple regimes, the posterior distribution over ϕ is

p(ϕ | D1:K) ∝ p(ϕ)
K∏
k=1

∫
p(Dk | θk) p(θk | ϕ) dθk.

This posterior summarises information learned across regimes and constitutes the object being
“transferred” to future environments [6]. Intuitively, p(ϕ | D1:K) is the mechanism of cross-
regime learning: it updates our belief about shared structure ϕ by combining evidence from all
historical regimes. The integral marginalises out the unobserved regime parameters θk, so each
regime contributes to learning ϕ through how well the model can explain Dk.

In practice, a “new regime” can be defined in two common ways: (i) regimes are externally
labelled (e.g. crisis windows, policy eras, market microstructure changes), or (ii) regimes are
detected statistically using change-point or regime-switching methods that flag distributional
shifts. The formulation applies in either case once a partition into historical regimes and the
current regime is specified. When a new regime ⋆ is observed, typically with limited data D⋆,
posterior inference for θ⋆ takes the form

p(θ⋆ | D⋆,D1:K) ∝ p(D⋆ | θ⋆)
∫

p(θ⋆ | ϕ) p(ϕ | D1:K) dϕ.

This expression highlights the mechanism of transfer learning [6]: information from past regimes
enters exclusively through the posterior distribution over ϕ, which acts as a data-driven prior
for the new regime. In plain terms, the new regime is fitted using two information sources: the
likelihood from current data D⋆, and a prior informed by past regimes via p(ϕ | D1:K). When
D⋆ is small, the transferred information has strong influence (regularisation); as D⋆ grows, the
likelihood dominates and the model adapts to the new regime.

Several important insights follow from this formulation. First, transfer learning corresponds
to partial pooling. When little data is available in the new regime, inference for θ⋆ is strongly
regularised by cross-regime information. As more data accumulates, the influence of transferred
information diminishes, allowing the model to adapt. This behaviour is automatic and principled,
requiring no ad-hoc tuning.
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Second, this framework clarifies what transfer learning does not assume. It does not re-
quire parameters to be identical across regimes, nor does it enforce stationarity. Instead, it
assumes that regimes are related through a shared generative mechanism, an assumption that
is substantially weaker and more realistic in financial settings. A natural extension allows the
shared structure to evolve over time, replacing ϕ with a time-indexed ϕt. This corresponds to
dynamic hierarchical modelling, where cross-regime regularities drift; practically this can be ap-
proximated via rolling windows, discounting older regimes, or explicit state-space dynamics for
ϕt. For clarity, we present the fixed-ϕ formulation, which already captures the central transfer
mechanism.

Finally, hierarchical Bayesian transfer learning can be interpreted as a form of empirical Bayes
or meta-learning. The hyperparameters ϕ encode inductive bias learned from data, allowing the
model to “learn how to learn” across regimes. This connection provides a bridge between classical
Bayesian statistics and modern machine learning approaches to adaptation.

Viewed through this lens, transfer learning is not an external machine learning technique
imposed on financial models, but a natural extension of Bayesian inference to collections of
related stochastic systems. It provides a mathematically coherent way to reuse information
across market regimes while maintaining explicit control over uncertainty and model risk.

8.5 Negative Transfer and Model Misspecification

Transfer learning is not universally beneficial. When the assumed relationship between regimes
is incorrect, transferring information can degrade performance rather than improve it, a phe-
nomenon known as negative transfer. This represents a central risk in any framework that reuses
information across environments.

In a hierarchical Bayesian setting, negative transfer arises when the target regime is incom-
patible with the learned prior structure. Formally, this occurs when the true data-generating
distribution of the target regime, Ptarget, lies outside the effective support of the hierarchical
model,

Ptarget /∈ supp(Gϕ),

or when posterior mass over hyperparameters concentrates on regions irrelevant for the target
environment.

Importantly, negative transfer need not result from gross modelling errors. Even mild mis-
specification can induce bias. For example, regimes may share qualitative features while differing
in tail behaviour or dependence structure; in such cases, hierarchical priors learned from histori-
cal data may systematically underrepresent extreme outcomes, leading to overconfident inference
precisely when caution is required.

From a Bayesian perspective, this mirrors posterior inconsistency under model misspecifi-
cation [10]: when the assumed model class does not contain the true data-generating process,
posteriors concentrate around parameters that minimise a divergence to the truth rather than
parameters with clear predictive validity. In a transfer learning context, such bias is propagated
across regimes rather than confined to a single model.

This issue is particularly acute in financial applications, where rare but impactful events
and structural breaks play a dominant role. Controlling negative transfer therefore becomes
a central design problem, motivating regularisation of transferred information, allowance for
regime-specific deviations, and explicit modelling of uncertainty about regime similarity [8].
Robust and distributionally robust methods provide natural complements in mitigating these
risks.

Negative transfer is not a failure of transfer learning itself, but a reminder that learning across
regimes requires careful modelling of both similarity and difference, especially in environments
where model error carries real economic consequences.
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8.6 Connections to Stochastic Control

Many core problems in financial mathematics admit a stochastic control formulation, including
portfolio optimisation, optimal execution, market making, and risk-sensitive control. In these
settings, decisions are made sequentially under uncertainty about the evolution of the underlying
state process.

Let (Xt)t≥0 be a controlled state process taking values in a state space X , and let π = {πt}t≥0

denote an admissible control policy. Under market regime k, the dynamics of Xt are governed
by a probability law Pθk , and the associated value function is

V (k)(x) = sup
π∈Π

EPθk

[∫ T

0
r(Xt, πt) dt+ g(XT )

∣∣∣∣ X0 = x

]
,

where
∫ T
0 r(Xt, πt) dt is the cumulative reward (or cost) collected over time, and g(XT ) is a

terminal payoff at the horizon. The expectation averages total performance over the randomness
in the controlled dynamics under regime k. Finally, the supremum over admissible policies π ∈ Π
selects the best achievable expected performance starting from state X0 = x, which defines the
value function V (k)(x).

Classical stochastic control theory assumes that the dynamics under Pθk are known, or can
be estimated accurately prior to optimisation. In this case, the value function V (k) satisfies the
Hamilton–Jacobi–Bellman (HJB) equation

∂tV (t, x) + sup
a∈A

{
r(x, a) + LaV (t, x)

}
= 0, V (T, x) = g(x),

where a denotes the control action, A is the admissible action set, and La is the infinitesimal
generator of the controlled state dynamics under action a, encoding drift and diffusion. Standard
references include Fleming and Soner [5]. When the market regime changes, both the optimal
policy π(k) and the associated HJB equation change accordingly.

In practice, regime changes induce a dual learning problem: one must infer the governing
dynamics while simultaneously solving the control problem. Re-solving this problem from scratch
in each new regime is computationally expensive and statistically inefficient, particularly when
regime changes occur with limited data.

Transfer learning provides a principled mechanism for reducing this burden. Rather than
learning each control problem independently, one may place a prior over policies or value functions
that is informed by previous regimes. Equivalently, one may learn a shared parameterisation or
representation for π or V that captures structure common across regimes, while allowing for
regime-specific adaptation.

Formally, each regime-specific control problem may be viewed as a task drawn from a dis-
tribution over environments. Transfer learning then aims to learn higher-level objects—such
as a policy class, value function family, or control prior—that enable rapid adaptation when
the underlying dynamics change. This reduces both the sample complexity of learning and the
computational cost of re-optimisation.

This perspective connects transfer learning in finance to Bayesian reinforcement learning
and meta-learning, where the objective is not merely to solve a single control problem, but to
learn how to solve a family of related control problems efficiently [7]. In non-stationary financial
markets, where regimes recur but evolve, this formulation reflects a structural feature of decision-
making rather than an external modelling choice.

8.7 Distributionally Robust Optimisation and Transfer

An alternative and complementary perspective on transfer learning arises through the frame-
work of distributionally robust optimisation (DRO). Rather than assuming that future data are
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generated from a single, well-specified probability distribution, DRO explicitly acknowledges am-
biguity in the data-generating process and seeks decisions that perform well across a range of
plausible distributions.

Formally, let P0 denote a nominal or reference distribution. In a DRO formulation, uncer-
tainty about the true distribution is represented by an uncertainty set [4]

U(P0) = {Q ∈ P : d(Q,P0) ≤ ϵ},

where d is a metric or divergence on the space of probability measures and ϵ > 0 controls the
level of robustness. Common choices for d include total variation distance, Wasserstein distance,
and ϕ-divergences, each inducing a different notion of proximity between distributions.

Given a decision rule or model f ∈ F , the distributionally robust risk is defined as

Rrob(f) = sup
Q∈U(P0)

RQ(f) = sup
Q∈U(P0)

EX∼Q[ℓ(f,X)].

Optimising this criterion yields decisions that are explicitly protected against worst-case devia-
tions from the reference distribution. In contrast to classical risk minimisation, DRO prioritises
stability and robustness over optimality under a single assumed model.

This perspective is particularly natural in financial contexts. Recent work has begun to
formalise these ideas directly in financial settings, for example through distributionally robust
portfolio optimisation frameworks that explicitly account for uncertainty in return distributions
and tail behaviour [2]. Small changes in distributional assumptions, especially in the tails,
can have outsized effects on losses, risk measures, and control outcomes. DRO formalises the
intuition that models should be evaluated not only under their estimated distribution, but also
under nearby alternatives that represent plausible regime shifts or stress scenarios.

Transfer learning enters this framework through the choice of the reference distribution P0.
Rather than estimating P0 using data from a single regime, transfer learning allows information
from multiple historical regimes to inform a data-driven centre for the uncertainty set. In this
sense, transfer learning can be viewed as learning a representative distribution around which
robustness is enforced.

This interpretation highlights a subtle but important distinction. Transfer learning seeks to
improve performance by exploiting similarities across regimes, while DRO seeks to guard against
differences. When combined, the two approaches provide a powerful framework: transfer learning
informs what is typical across regimes, while DRO protects against what may change.

From a probabilistic standpoint, this combination mitigates negative transfer. Even if trans-
ferred information is partially misspecified, DRO limits the influence of errors by controlling
worst-case risk within a neighbourhood of distributions. As a result, decisions are less sensitive
to regime mismatch and model error.

Viewed together, transfer learning and distributionally robust optimisation offer complemen-
tary tools for learning and decision-making under non-stationarity. Transfer learning provides
efficiency by sharing information across regimes, while DRO provides safety by guarding against
distributional uncertainty. Their integration reflects a central principle of financial mathematics:
that optimality must be balanced against robustness when models are deployed in uncertain and
evolving environments. Figure 8.3 provides a conceptual map of this tension: stronger pool-
ing typically improves statistical efficiency but can increase fragility under distributional shift,
whereas DRO improves worst-case stability by sacrificing some efficiency. The combined ap-
proach aims to move toward a region that benefits from shared structure while controlling shift
sensitivity.
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degree of transfer / pooling

robustness (worst-case protection)

conservative (robust)

fragile (shift-sensitive)

DRO

transfer learning

transfer + DRO

ERM / naive transfer

add robustness

conceptual frontier
(robustness vs transfer)

Figure 8.3: Conceptual trade-off between efficiency (strong transfer / pooling) and robustness
(distributional protection). Naive empirical risk minimisation is efficient but fragile under shift.
Distributionally robust optimisation prioritises stability. Combining transfer learning with DRO
targets a favourable region that leverages cross-regime structure while controlling shift sensitivity.

8.8 Uncertainty Quantification Across Regimes

A defining requirement in financial mathematics is not merely prediction or optimisation, but
reliable uncertainty quantification. Decisions are evaluated not only by expected performance,
but by their sensitivity to model error, tail events, and structural change. Transfer learning
introduces an additional and subtle source of uncertainty: uncertainty about the relevance of
information transferred from past regimes.

Formally, posterior uncertainty in a transfer learning setting must account for multiple inter-
acting components:

• Parameter uncertainty within regimes, arising from finite data under a given market envi-
ronment;

• Hyperparameter uncertainty across regimes, reflecting imperfect knowledge of
shared structure;

• Model uncertainty regarding regime similarity, capturing the possibility that historical
regimes are only weakly informative about the present.

Classical Bayesian inference typically addresses the first of these layers. Hierarchical mod-
els incorporate the second by propagating uncertainty through hyperpriors. The third layer,
however, is more challenging. It concerns uncertainty about whether the assumed relationship
between regimes is itself valid. In financial contexts, this uncertainty is substantial: regula-
tory changes, technological shifts, and rare systemic events may render past data only partially
relevant.

Failing to account for these interacting uncertainties leads to systematic overconfidence. Pos-
terior distributions may appear sharp not because the model is accurate, but because uncertainty
about model adequacy has been implicitly ignored. This is particularly dangerous in finance,
where losses are often driven by tail behaviour and model error rather than average performance.

From a probabilistic perspective, uncertainty quantification across regimes requires moving
beyond fixed-model posteriors. One approach is Bayesian nonparametrics, which allows model
complexity to adapt with the data and reduces reliance on rigid parametric assumptions [9].
Another is robust Bayesian inference, which tempers posterior concentration when evidence for
model adequacy is weak. These approaches aim to ensure that uncertainty reflects not only
data scarcity, but also structural ambiguity. From a computational perspective, methods such
as Nested Sampling [12] provide a practical way to explore complex, multi-modal posteriors and
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to compare hierarchical models via marginal likelihoods, which becomes increasingly important
when learning across regimes under model uncertainty.

Transfer learning magnifies the importance of such methods. By design, information is shared
across environments, increasing efficiency but also increasing the risk of inherited bias. Proper
uncertainty quantification ensures that transferred information is weighted according to its rele-
vance, rather than absorbed uncritically.

In this sense, uncertainty quantification plays a dual role. It protects against overfitting
within a regime and guards against overconfidence across regimes. In financial decision-making,
where errors propagate through leverage, feedback, and market impact, this protection is not
optional. It is a prerequisite for the responsible deployment of models in evolving markets.

8.9 Open Research Directions

Despite its conceptual appeal and practical relevance, transfer learning in financial mathematics
remains an underdeveloped area, both theoretically and methodologically. Many of the chal-
lenges arise from the fact that financial markets violate the assumptions under which transfer
learning has been most successfully studied in other domains. Several open research directions
are particularly salient.

A first challenge concerns the definition of regime similarity. Transfer learning presupposes
that market environments are related, yet this notion is rarely formalised. Should similarity
be defined in terms of marginal distributions, dependence structure, tail behaviour, or the per-
formance of optimal decision rules? Different choices lead to fundamentally different transfer
mechanisms. Developing principled, task-relevant metrics on the space of probability measures
remains an open problem with direct implications for both inference and control.

A second challenge lies in establishing theoretical guarantees under evolving distributions.
Classical learning theory relies on convergence under repeated sampling from a fixed distribu-
tion. In non-stationary financial settings, distributions evolve, sometimes abruptly. Understand-
ing when transfer learning improves risk, when it fails, and how performance degrades as regimes
diverge requires new theoretical tools that combine ideas from learning theory, stochastic pro-
cesses, and robust optimisation.

A third direction concerns the integration of transfer learning with optimal stopping and
sequential decision problems. Many financial applications, such as option exercise, liquidation
timing, and dynamic risk management, involve decisions that depend on both future uncertainty
and regime evolution. While transfer learning has been studied extensively for static prediction
and control, its interaction with stopping rules and path-dependent decisions remains largely
unexplored.

Scalability presents a further challenge. Modern financial markets involve high-dimensional
state spaces, large asset universes, and complex dependence structures. Hierarchical and robust
models that perform well in low dimensions often become computationally infeasible at scale. De-
veloping inference algorithms that preserve uncertainty quantification while remaining tractable
in high-dimensional settings is an open and practically important problem.

More broadly, these challenges highlight a central tension. Transfer learning seeks efficiency
by sharing information across regimes, while financial decision-making demands caution in the
face of model uncertainty and tail risk. Reconciling these objectives requires advances at the
intersection of probability theory, statistics, optimisation, and economics.

Addressing these open questions would not only strengthen the theoretical foundations of
transfer learning in finance, but also provide tools capable of operating reliably in the non-
stationary, high-stakes environments that characterise real financial markets.
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8.10 Conclusion

Financial markets are not static objects to be modelled once and for all, but evolving families
of related stochastic systems. Regime changes, structural breaks, and distributional shifts are
intrinsic features of financial data. Modelling approaches that ignore this reality risk producing
inferences that are precise yet fragile, and decisions that are optimal only under assumptions
that no longer hold.

This article has argued that transfer learning provides a mathematically principled framework
for confronting non-stationarity in financial mathematics. By explicitly modelling relationships
between market regimes, it enables information to be reused in a controlled and uncertainty-
aware manner, reframing financial learning as inference across collections of related probabilistic
environments rather than isolated estimation problems.

When formulated through hierarchical Bayesian inference, stochastic control, and distribu-
tionally robust optimisation, transfer learning aligns naturally with core ideas in financial mathe-
matics. It extends classical approaches by accounting for uncertainty not only in parameters, but
in the structure of the data-generating process itself, clarifying why models fail, when transferred
information is beneficial, and how robustness can be preserved under change.

Transfer learning does not guarantee improved performance. Negative transfer, model mis-
specification, and overconfidence remain persistent risks, particularly in markets shaped by rare
but impactful events. In finance, efficiency must therefore be balanced against caution, and
learning tempered by robustness.

Viewed in this light, transfer learning is not a superficial import from machine learning, but
a natural evolution of probabilistic modelling and decision theory in response to non-stationary
markets. As financial systems continue to evolve, frameworks that explicitly account for change,
uncertainty, and structural similarity will become increasingly central to both theory and prac-
tice.
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Chapter 9

Dynamic Basis Arbitrage using Reinforce-
ment Learning

Ryan Tan Jun Xiong

Edited by: Abhishek Agarwal and Valerio Altissimo

Abstract: Traditional basis arbitrage employs a static cash-and-carry strategy, lock-
ing in risk-free profits by holding opposing spot and futures positions until maturity.
While viable, this approach is capital-inefficient. We propose a reinforcement learning
framework to dynamically trade the basis spread, capitalizing on stochastic fluctua-
tions prior to expiration. By formulating the problem as a discrete-time Markov
Decision Process (MDP), we then develop a model-free Deep Q-learning approach
that learns optimal trading policies directly from market interaction.

9.1 Introduction

9.1.1 Mechanics of Basis Arbitrage

Basis arbitrage exploits the price differential between spot and futures prices. Let St denote the
spot price at time t, and Ft the theoretical futures price for delivery at T > t. The theoretical
basis is

Bt = Ft − St, (9.1)

Under no-arbitrage conditions, the theoretical futures price is Ft = Ste
r(T−t), where r is the

risk-free rate. When the market futures price F̃t deviates from Ft, arbitrage opportunities arise.
In contango (F̃t > Ft), profit is generated by selling the overpriced futures and buying spot. The
arbitrage profit at maturity, assuming convergence of spot and futures prices, is

Π = F̃t − Ft = F̃t − Ste
r(T−t) (9.2)

We focus exclusively on contango markets in this paper, as backwardation scenarios are less
common and involve different mechanics.

9.1.2 Capital Inefficiency of Traditional Basis Arbitrage

Traditional basis arbitrage requires holding positions until maturity regardless of market move-
ments, resulting in capital inefficiency. The basis fluctuates prior to maturity due to changes in
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interest rates, volatility, and investor sentiment. This motivates the central question: Can we
dynamically capture basis profits without holding to maturity?

9.1.3 Optimal Control to Reinforcement Learning

In Angoshtari and Leung (2018), the basis follows a Brownian bridge with a time-dependent drift
that forces the spread to narrow as expiration approaches. Closed-form trading rules arise from
solving the Hamilton-Jacobi-Bellman (HJB) equation under this parametric assumption.

However, the SDE approach introduces significant model misspecification risk. The closed-
form solutions require strict assumptions on market dynamics, such as mean reversion and con-
stant volatility. When market dynamics deviate from these assumptions, the optimal control
strategy is suboptimal. Moreover, the HJB equation is only tractable for low-dimensional prob-
lems with simple dynamics.

Instead, we propose a model-free reinforcement learning [4] approach that learns optimal
trading policies directly from data without requiring explicit models of price dynamics. Recent
work demonstrates RL’s effectiveness for trade execution [3] and minimizing slippage relative
to traditional TWAP algorithms [2]. By formulating the problem as a discrete-time Markov
Decision Process (MDP) and invoking the Bellman optimality relation, we can then apply RL
algorithms to approximate the optimal policy for basis arbitrage.

9.2 Background

9.2.1 Markov Decision Process (MDP) Formulation

We formulate the dynamic basis arbitrage problem as a discrete-time Markov Decision Process
(MDP). The key components of the MDP are the state space S, action space A, transition
dynamics P, reward function R, and discount factor γ. The state space S aggregates the relevant
market information (spot, futures, time-to-maturity, carry costs) and the agent’s inventory at
time step t. The action space A comprises the possible trading actions. For basis arbitrage we
use A = {Wait,Enter,Exit}, where Wait holds the current position, Enter initiates the long-
spot/short-futures trade, and Exit closes it. The transition kernel P(s′|s, a) = P(st+1 = s′ |
st = s, at = a) captures how the market reacts to actions; in a model-free setting it is unknown
and learned implicitly. The stepwise reward function R(s, a) encodes the immediate profit and
loss from taking action a in state s. The discount factor γ ∈ [0, 1] controls the weight placed on
future rewards relative to immediate ones.

9.2.2 Objective Function and Bellman Optimality Equation

Given the context of basis arbitrage, where the trading horizon is finite (up to contract maturity
T ), we define the objective of the RL agent as maximizing the expected cumulative discounted
reward over the trading period. The agent’s goal is to select a sequence of actions that maximizes
the expected cumulative discounted return,

V π(s) = Eπ

[
T−t∑
k=0

γkRt+k+1 | st = s

]
(9.3)

where Rt+k+1 is the reward received at time step t+ k+1 after taking action at+k in state st+k,
following policy π. The optimal value function V ∗(s) = maxπ V

π(s) represents the maximum
expected return achievable from state s. The optimal action-value function Q∗(s, a) gives the
expected return of taking action a in state s and following the optimal policy thereafter:

Q∗(s, a) = E
[
R(s, a) + γmax

a′
Q∗(s′, a′) | st = s, at = a

]
. (9.4)
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which is the Bellman optimality equation. This recursive relationship states that the optimal
value of taking action a in state s equals the immediate reward plus the discounted value of the
best action in the next state.

9.2.3 Optimal Policy Determination

Once the optimal action-value function Q∗(s, a) is known (or sufficiently approximated), the
optimal trading policy π∗(s) is derived by acting greedily with respect to the Q-values:

π∗(s) = argmax
a∈A

Q∗(s, a). (9.5)

Because Q∗ itself satisfies the Bellman optimality equation above, the greedy policy in this
expression chooses, at each state, the action that maximizes expected cumulative reward. In
the context of basis arbitrage, where P is unknown and S is continuous and high-dimensional,
directly solving the Bellman equation is intractable. We therefore resort to Deep Q-Networks
(DQN) to approximate Q∗(s, a) numerically.

9.3 Reinforcement Learning for Dynamic Basis Arbitrage

9.3.1 Deep Q-Learning

In Q-learning, the optimal action-value function satisfies the Bellman optimality condition [1]:

Q∗(s, a) = E
[
R(s, a) + γmax

a′
Q∗(s′, a′) | st = s, at = a

]
. (9.6)

It can be approximated iteratively via the classical matrix update

Ql+1(s, a) = Ql(s, a) + αt

(
R(s, a) + γmax

a′∈A
Ql(s′, a′)−Ql(s, a)

)
, (9.7)

where Ql(s, a) denotes the estimate at iteration l, s′ is the realized next state after taking a in
s, and αt is the learning rate at time t.

Deep Q-learning replaces the matrix with a neural network Q(s, a | θ) [2]. The network
parameters θ are trained to minimize the temporal-difference error between current predictions
and bootstrap targets derived from the Bellman equation. A standard squared-error loss at
iteration l is

L(θ ; θl) =

(
R(s, a) + γmax

a′∈A
Q(s′, a′ | θl)−Q(s, a | θ)

)2

, (9.8)

where θl denotes the parameters of the target network (or the previous iterate). Gradient descent
on L yields the parameter update

θl+1 = θl − η∇θL(θ ; θ
l)
∣∣
θ=θl

. (9.9)

9.3.2 Algorithm

We implement the DQN training loop using the Bellman targets from the previous section and
the squared-error loss in (9.8). The target-network parameters ϑ are a delayed copy of the online
network weights θ; keeping ϑ fixed for several updates stabilizes the bootstrap targets. The flag
dt denotes whether the episode has terminated at time t. An ε-greedy exploration strategy is
employed, where with probability ε a random action is selected to encourage exploration, and
with probability 1 − ε the action maximizing the Q-value is chosen. The exploration rate ε
decays over time to shift from exploration to exploitation. The replay buffer D holds transitions
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(st, at, rt, st+1, dt) up to capacity N ; each episode runs for N steps (per-episode horizon), and
every C steps the target network is refreshed (ϑ ← θ). Input: replay buffer D (size N );
online network Q(· | θ); target network Q(· | ϑ)← Q(· | θ); stopping condition (e.g., B episodes
reached, validation return plateau, or ε below εmin).

1. While the stopping condition is not met, for each episode b = 1, . . . , B and each time step
t = 0, . . . , N − 1:

(a) With probability ε pick a random action at; otherwise at = argmaxa∈AQ(st, a | θ).
(b) Execute at, observe reward rt and next state st+1; store (st, at, rt, st+1, dt) in D.

(c) Sample a minibatch {(sj , aj , rj , s′j)} from D and set Bellman targets yj = rj +
γmaxa′ Q(s′j , a

′ | ϑ) (cf. Bellman relation above).

(d) Update θ with one gradient step on
∑

j(yj −Q(sj , aj | θ))2 (loss in (9.8)).

(e) Every C steps, refresh the target network by setting ϑ← θ.

2. Decay exploration: ε← τε; optionally cap at εmin and check stopping condition.

9.4 Conclusion

This paper builds a framework for dynamic basis arbitrage using a Deep Q-learning algorithm
to approximate the optimal policy. Future work will involve empirical backtesting to evaluate
the performance against the traditional basis arbitrage strategy.
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Chapter 10

Modelling Stochastic Volatility and Pric-
ing Options with the Heston Model

Valerio Altissimo and Natan Boyd

Edited by: Francesco Papini

Abstract: The Heston model models the volatility of an asset as a stochastic pro-
cess itself, accepting that it has randomness of its own. We study the Heston model
and discuss methods of pricing options using this model, combined with Monte Carlo
methodologies and Fast-Fourier Transform methods. We conclude by calibrating the
parameters given a time series and discussing the sensitivity of the model option price
with respect to the underlying parameters.

10.1 Introduction

In the modelling of options and derivatives, the standard deviation, or volatility, of the underlying
asset is a fundamental parameter. This parameter is in fact so important that a fully fledged
theory has developed to model it; the development of this theory came about in an attempt to
minimise errors from the initial models of options. In the Black-Scholes model [2], the volatility
is assumed to be constant, which is, of course, one of the key drawbacks of this model.

To address this critical flaw, time varying volatility models were introduced, like ARCH [9]
and GARCH [3]. These models are effective in modelling the volatility clustering observed in
asset returns; yet they fail to explain the volatility smile observed across different strikes and
maturities. To rectify these issues, systems modelling volatility as a continuous-time stochastic
process became necessary. An example of these stochastic volatility models is the Heston model
[10]. The combination of this model’s analytic solution and the computational capacity of the
Cooley-Tukey algorithm [7] allows the pricing of options in this way to be incredibly accurate
and swift.

We aim to give a brief account of this model which, though not completely mathematically
rigorous, should still showcase the powerful mathematical machinery which is in use. The rest
of the article is arranged as follows; Section 2 outlines the necessary background in stochastic
calculus, Section 3 introduces the Heston model, Sections 4 discusses how pricing would be
done using a Monte Carlo simulation, Section 5 discusses pricing using Fourier theory, Section 6
explores parameter calibration in Python, Section 7 briefly discusses sensitivities and the Heston
greeks and Section 8 concludes.
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All complete Jupyter Notebooks used for this article can be found on GitHub via the following
link https://github.com/NMB001/heston-project-mathfinmag.

10.2 Preliminaries: Review of Stochastic Calculus

When considering continuous deterministic time-evolving systems, we tend to model change
within these systems using differential equations. Unfortunately for us, randomness tends to play
a rather key role in the evolution of financial markets, so to incorporate this inherent uncertainty,
it is necessary to replace deterministic differential equations with so-called stochastic differential
equations (SDEs). In doing so, we use Brownian motion to model this randomness.

The Heston model is formulated in terms of SDEs, and stochastic calculus (the topic of this
section) provides the tools needed to define and analyse these SDEs rigorously.

We begin by recalling the definition of a Brownian motion.

Definition 10.1. [12, p. 7] Let (Ω,F ,P, {Ft}t∈T ) be a filtered probability space. A standard
Brownian motion W = {Wt}t≥0 is a continuous-time stochastic process satisfying the following
conditions:

1. The process almost surely starts at 0: P(W0 = 0) = 1,

2. Independent increments: For 0 ≤ s < t, the increment Wt −Ws is independent of Ft,

3. Gaussian increments: Wt −Ws ∼ N(0, t− s),

4. Almost surely continuous sample paths.

Suppose that now we naively attempt to define the integral of Brownian motion Wt using
Riemann sums, as in classical calculus. Since any Brownian sample path is almost surely nowhere
differentiable and has unbounded variation, the Riemann-Stieltjes integral

∫ t
0 f(s) dWs is almost

surely infinite, and hence this approach fails.
Instead, we consider the quadratic variation of a function f over [0, t], defined as

[f ]t := lim
∥Π∥→0

n−1∑
i=0

(f(ti+1)− f(ti))
2 ,

where Π = {0 = t0 < t1 < · · · < tn = t} is a partition of [0, t], and ∥Π∥ denotes the mesh size.
For any smooth function f , we have [f ]t = 0, but crucially, for Brownian motion Wt, we have

[W ]t = lim
∥Π∥→0

n−1∑
i=0

(
Wti+1 −Wti

)2
= t,

almost surely. We are now able to use this finite quadratic variation of Brownian sample paths
to define a new integral, namely the Itô integral [11, p. 130].

We proceed as in Shreve [15, pp. 126-128] similarly to the standard approach to Lebesgue’s
theory of integration. There, one first defines the integral on a small, straightforward class of
functions (namely simple functions) before extending to the general case by approximation.

Definition 10.2 (Simple adapted process). [13, p. 26] A simple adapted process is a stochastic
process of the form

Ht(ω) =

n−1∑
i=0

Hi(ω)1(ti,ti+1)(t),

where 0 = t0 < t1 < · · · < tn = T is a partition of [0, T ], and each random variable Hi is
Fti-measurable.
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For such a process, we may then define the Itô integral with respect to Brownian motion.

Definition 10.3 (Itô integral for simple processes). Let Ht be a simple adapted process as
above. Then the Itô integral of Ht with respect to Brownian motion is defined by∫ T

0
HtWt :=

n−1∑
i=0

Hi (Wti+1 −Wti).

We have now defined the Itô integral for simple adapted processes. Suppose H is an adapted
process that is not simple but which can be approximated in L2 by a sequence of simple processes
H(n). Then, the sequence of integrals ∫ T

0
H

(n)
t Wt

is Cauchy in L2, and hence converges to a well-defined limit in L2.

Definition 10.4 (Itô integral). [13, p. 29] For any H an adapted process, the Itô integral is
defined as the L2-limit of integrals of simple adapted processes approximating H. That is,∫ T

0
HtWt := lim

n→∞

∫ T

0
H

(n)
t Wt,

where H(n) is a sequence of simple adapted processes converging to H in L2.

Definition 10.5 (Square-integrable adapted processes). An adapted process Ht on [0, T ] is said
to be square-integrable if

E
[∫ T

0
H2

t t

]
<∞.

We will denote the collection of all such processes by L2
ad([0, T ]).

Theorem 10.1 (Itô Isometry). [15, p. 134] For all H ∈ L2
ad([0, T ]),

E

[(∫ T

0
HtWt

)2
]
= E

[∫ T

0
H2

t t

]
.

Due to the Itô isometry, the definition of the Itô integral is unambiguous. That is, the
limit exists and does not depend on the approximating sequence. Thus, we have successfully
extended the definition of the Itô integral from simple processes to the much broader class of
square-integrable adapted processes.

We now have the background to understand one of the most key results of stochastic cal-
culus, and subsequently in the theory of pricing options. In classical calculus, one of the most
fundamental tools is the chain rule, which allows us to compute the differential of a function of
a differentiable variable. In stochastic calculus, the analogous result is the so-called Itô lemma
which, unlike the classical chain rule, contains an addition term arising from quadratic variation.

Theorem 10.2 (Itô’s Lemma). [13, pp. 44-45] Let Xt be an Itô process of the form

Xt = µt t+ σtWt,

where µt, σt are adapted processes. If f ∈ C2(R), then

f(Xt) = f ′(Xt)Xt +
1
2f

′′(Xt) [X]t.

In particular,
f(Xt) = f ′(Xt)µt t+ f ′(Xt)σtWt +

1
2f

′′(Xt)σ
2
t t.
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Ito’s lemma is arguably the central tool for manipulating stochastic processes and, crucially,
incorporates the effect of the variance of the stochastic term. It allows us to derive differential
equations for functions of stochastic processes, which in turn, provides a natural gateway to
SDEs.

Definition 10.6. [15, p. 143] A stochastic differential equation (SDE) is an equation of the form

Xt = µ(Xt, t) t+ σ(Xt, t)Wt,

where µ is the drift coefficient and σ the diffusion coefficient.

Remark 10.1. Implicitly, the general SDE Xt = µ(Xt, t) t+ σ(Xt, t)Wt represents the integral
equation

Xt = X0 +

∫ t

0
µ(s,Xs) s+

∫ t

0
σ(s,Xs)Ws

but in this article (and in most standard literature) the former notation is used for conciseness.

It turns out that these SDEs have been remarkably useful in the theory and development
of option pricing models as they provide a rigorous framework for capturing the random na-
ture of asset price dynamics. By modelling prices as continuous-time stochastic processes, SDEs
formally account for drift, volatility and randomness. To illustrate this, we consider two im-
portant examples, namely geometric Brownian motion in the Black-Scholes framework and the
Ornstein-Uhlenbeck process.

Example 10.1 (Geometric Brownian Motion). The SDE

St = µSt t+ σStWt

has the explicit solution
St = S0 exp

((
µ− 1

2σ
2
)
t+ σWt

)
and is the standard model for asset prices in the Black-Scholes framework.

Example 10.2 (Ornstein-Uhlenbeck Process). The SDE

Xt = κ(θ −Xt) t+ σWt

has solution

Xt = θ + (X0 − θ)e−κt + σ

∫ t

0
e−κ(t−s)Ws.

This describes a mean-reverting process and provides the prototype for the volatility process
in the Heston model. The Heston model modifies the Ornstein-Uhlenbeck structure by making
the diffusion term proportional to

√
vt, the square-root of the instantaneous variance instead of

constant. This ensures positivity of variance and leads to a Cox-Ingersoll-Ross (CIR) process.

We finish this section by introducing a very important tool in the analysis of SDEs, deriving
from the world of quantum physics and Feynman’s path integrals, which are incredibly related to
the problems mathematical finance faces. This tool can allow us to solve an SDE by considering
a related PDE, which is often simpler to solve.

Theorem 10.3 (Feynman-Kac). [11, p. 268] Suppose xt follows an n-dimensional stochastic
process

xt = µ(xt, t)t+ σ(xt, t)Wt,
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where xt,µ(xt, t) ∈ Rn, Wt is a vector of m independent Brownian motions and σ(xt, t) is a
volatility matrix of dimension n×m. Suppose further the generator of the process is defined as
the operator

A =
n∑

i=1

µi∂i +
1

2

n∑
i,j=1

(σσT )ij∂
2
i,j .

Then for r, f : Rn × [0, T ]→ R, the PDE given by

∂tf +Af − rf = 0,

and boundary f(xT , T ), has the solution

f(xt, t) = E
[
exp

(
−
∫ T

t
r(xu, u)du

)
f(xT , T ) | Ft

]
.

10.3 Deriving the Heston Model

The Heston model assumes that the stock price follows a Black-Scholes–like model, but the
volatility itself follows a stochastic process. Thus, the model is characterised by the following
pair of stochastic differential equations, one accounting for the randomness of the underlying
stock price and one for that of the volatility. We define the SDEs, derive the relevant PDE,
obtain the characteristic functions and show that the Black-Scholes model is a subcase of the
Heston model.

For mathematical completeness, we are currently working in the filtered probability space
(Ω,F ,P, {Ft}t∈T ); where Ω is a sample space containing all possible continuous price trajectories,
F is the event space, or σ-algebra, generated by all possible market events, P is the historical
probability measure and {Ft}t∈T is the relevant filtration and takes into account how the market
events evolve through time.

Definition 10.7 (The Heston model). [10] The stock price at time t, S(t), and the volatility at
time t, v(t), follow the SDEs

St = µStt+
√
vtStWt, (10.1)

vt = κ(θ − vt)t+ σ
√
vtBt, (10.2)

and S(0) = S0, v(0) = v0. Where µ ∈ R, S0, v0, κ, θ, σ ∈ R>0 and Wt, Bt are two Brownian
motions with a correlation of ρ ∈ [−1, 1].

In the model, µ, is the drift of the stock; κ the mean reversion speed for the variance; θ
the mean reversion level of the variance and σ the volatility of the volatility. Essentially, the
equations state that the change in volatility at time t is given by how far v(t) is from θ, multiplied
by κ, added to a random increment with mean 0 and variance σ2vt. Further, the change in the
stock price at time t is given by µSt added to a random increment with mean 0 and variance
v(t)S2

t . To justify calling this a Black-Scholes–like model, note the similarities between (1) and
the Black-Scholes model.

Definition 10.8 (The Black-Scholes model). [2] The stock price follows the SDE

St = µStt+ σStWt, (10.3)

where µ ∈ R, σ ∈ R>0 and Wt is a Brownian motion.
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The similarities with the Black-Scholes model, though striking in this instance, do not end
there. Much like the Black-Scholes model, the Heston model has a closed form solution to the
system of SDEs, which is an incredibly useful and rare property. Now, we write the Heston model
as a PDE, much like the famous Black-Scholes equation, though more complicated. We split the
argument given by [14, pp. 5–10] and the application of theorem 10.3 into multiple subsections
to make it easier to follow. It is important to note that the option we are pricing is assumed to
not pay dividends.

10.3.1 Risk-Neutral Measure

We want to consider this problem in the risk-neutral probability measure, largely to ease up the
notation and also to be able to apply Feynman-Kac correctly. Assume the existence of a risk-free
rate, r ∈ R, let Q the risk-neutral probability measure on the same sample space, event space
and filtration as before. This probability measure takes into account how much more (or less)
than a guaranteed baseline something is worth. We adjust (1) and (2) to this new probability
space, hence the risk-neutral SDEs are

St = rStt+
√
vtStW̃t, (10.4)

vt = [κ(θ − vt)− λvt]t+ σ
√
vtB̃t. (10.5)

Where W̃t = Wt +
µ−r√
vt
t and B̃t = Bt +

λ
√
vt

σ t are the risk-neutral Brownian motions. Note λvt
is the volatility risk premium. We go on to price the option in this space.

10.3.2 Log Transform of the Price

In order to exploit the fact St is a coefficient to both the deterministic and stochastic term, we
consider the log-price of the system and let xt = lnSt. This simplifies (4), which, by theorem
10.2, becomes

xt = (r − vt
2
)t+
√
vtWt. (10.6)

To apply the theorem 10.3, we need the Brownian motion processes to be independent, so consider
W

(1)
t and W

(2)
t two independent Brownian motion such that

W̃t = W
(1)
t and B̃t = ρW

(1)
t +

√
1− ρ2W

(2)
t .

So, the pair of SDEs (4) and (5) can now be considered as the system

xt = (r − vt
2
)t+
√
vtW

(1)
t ,

vt = [κ(θ − vt)− λvt]t+ σ
√
vtρW

(1)
t + σ

√
vt(1− ρ2)W

(2)
t .

Thus, for xt = (xt, vt), Wt = (W
(1)
t ,W

(2)
t ), µ(xt, t) =

(
r − vt

2 , κ(θ − vt)− λvt
)

and σ(xt, t) =( √
vt 0

σ
√
vtρ σ

√
vt(1− ρ2)

)
it is the case that

xt = µt+ σWt.

10.3.3 The PDE

All that is now necessary is to apply Feynman-Kac and derive the PDE for the log-price process.
Thus, by theorem 10.3, the PDE for the Heston model under these variables is

∂tU +AxU = rU,
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where U is the option price, Ax is the generator of the process and is, in this case,

Ax = (r − vt
2
)∂x + [κ(θ − vt)− λvt]∂v +

vt
2
∂2
x + σvtρ∂

2
xv +

σ2vt
2

∂2
v .

So, substituting back for S, gives that the process satisfies ∂tU +AU = rU where

A = rSt∂S + [κ(θ − vt)− λvt]∂v +
vtS

2
t

2
∂2
S + σvtρSt∂

2
Sv +

σ2vt
2

∂2
v .

10.3.4 The Characteristic Functions

We thus have a PDE with an analytic solution. The fact that an analytic solution exists is not
obvious and finding such a solution is, though not hard, tedious. We refer the reader to [14,
pp. 12-16] for a detailed treatise on this and we state the characteristic functions, fj , and their
parameters, for completeness. The characteristic functions are, for j = 1, 2

fj(ϕ;x, v) = exp [Cj(τ, ϕ) +Dj(τ, ϕ)vt + iϕx], (10.7)

Cj(τ, ϕ) = riϕτ +
κθ

σ2

[
(bj − ρσiϕ− 2 ln

(
1− gje

djτ

1− gj

)]
, (10.8)

Dj(τ, ϕ) =
bj − ρσiϕ+ dj

σ2

(
1− edjτ

1− gjedjτ

)
. (10.9)

Where b1 = κ+ λ− ρσ, b2 = κ+ λ, u1 = 1/2, u2 = −1/2,
dj =

√
(ρσiϕ− bj)2 − σ2(2ujiϕ− ϕ2) and gj =

bj−ρσiϕ+dj
bj−ρσiϕ−dj

. Note τ = T − t is the remaining time
to maturity and ϕ is the integration variable.
From the characteristic functions, we can compute the in-the-money probabilities, Pj , which are
given by

Pj =
1

2
+

1

π

∫ ∞

0
Re
[
e−iϕfj(ϕ;xt, vt)

iϕ

]
dϕ.

We thus have that the European call and put option prices are, respectively,

C(K) = StP1 −Ke−rτP2, P (K) = C(K) +Ke−rτ − St. (10.10)

10.3.5 The Black-Scholes case

To end the section, we showcase how the Black-Scholes model is a subcase of the Heston model,
as σ → 0. Taking this limit, equation (2) becomes vt = κ(θ − vt)t, producing a deterministic
model of the variance. Further, setting θ = v0, the initial variance, will give that the model has
a constant volatility of vt = v0 for all t. Substituting these parameters into the generator for the
Heston model gives

ABS = µSt∂S +
v0S

2
t

2
∂2
S ,

which is the generator for the Black-Scholes model. Hence, we have successfully shown that the
Heston model reduces to the Black-Scholes model.

10.4 SDE Discretisation and Monte Carlo Pricing

In this section, we move from the analytical development of the Heston model to its numerical
implementation, considering a straightforward Monte Carlo approach. We will describe how the
SDEs for the spot and volatility processes are discretised, and will build a Monte Carlo pricing
model using these discretisation schemes.
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Consider the general SDE of the form

Xt = µ(Xt, t) t+ σ(Xt, t)Wt,

where Wt is a standard Brownian motion. Analytical solutions are rarely available, so vari-
ous numerical discretisation schemes have been developed to approximate paths. The simplest
approach is the Euler-Maruyama scheme, which for time step ∆t takes the form

Xt+∆t = Xt + µ(Xt, t)∆t+ σ(Xt, t)∆Wt,

where ∆Wt ∼ N (0,∆t). Although this scheme provides a first-order weak approximation, it
may generate negative values for processes that are strictly positive in continuous time, such as
the asset price or volatility process in the Heston model. To preserve positivity, one may apply
the log-Euler discretisation for the asset price. Applying Itô’s lemma to lnSt gives

(lnSt) =
(
µ− 1

2vt
)
t+
√
vtWt.

Discretising this equation with Euler-Maruyama yields

lnSt+∆t = lnSt +
(
µ− 1

2vt
)
∆t+

√
vt∆Wt,

so
St+∆t = St exp

[(
µ− 1

2vt
)
∆t+

√
vt∆Wt

]
.

Figure 10.1: Sample Trajectories of Spot Process using Log-Euler

For the volatility process in the Heston model,

vt = κ(θ − vt) t+ σ
√
vtBt,

we must again ensure that numerical approximations remain non-negative. A simple Euler-
Maruyama discretisation,

v
(EM)
t+∆t = vt + κ(θ − vt)∆t+ σ

√
vt∆Bt,

will produce negative values for v(EM)
t+∆t when ∆t is not sufficiently small or when vt is close to zero

so this will not be sufficient. To address this, the full truncation Euler scheme modifies the drift
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and diffusion terms by replacing vt with its positive part, max(vt, 0), while leaving the update
itself untruncated. The discretised volatility process is therefore defined as

vt+∆t = vt + κ
(
θ −max(vt, 0)

)
∆t+ σ

√
max(vt, 0)∆Bt,

where ∆Bt ∼ N (0,∆t).

Figure 10.2: Sample Trajectories of Volatility Process using Full Truncation Euler

We now have the mathematical background to implement a Monte-Carlo option pricing model
in Python. For each path, we use log-Euler discretisation for the asset price SDE and the full
truncation Euler scheme for the volatility SDE. We then compute the mean payoff of each path
and discount back to the present value.

Using this method to price a Nvidia call (strike of US$190 and spot of US$188.85 at the time
of writing) the Monte Carlo simulation estimates the option price at US$20.696 per share, with
a standard error of US$0.195 using 10,000 paths. For comparison, QuantLib’s engine returns a
price of US$20.603 per share.

10.5 Pricing using the Fourier Transform

10.5.1 Fourier Theory

Fourier Transform to price Options

We use Fourier transform methods to price a call option. To do this, we first give a brief
rundown of the relevant aspects of Fourier analysis and the Cooley - Tukey algorithm. We begin
by defining the Fourier transform (FT) according to the following conventions.

Definition 10.9 (Fourier Transform). [5]For f ∈ L1(R,R) the Fourier transform of f is given
by

f̂(ξ) =

∫ ∞

−∞
f(x)e−iξxdx. (10.11)

And the inverse Fourier transform as

f̌(x) =
1

2π

∫ ∞

−∞
f(ξ)eixξdξ. (10.12)
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For a nice enough function, knowing the function and knowing the amplitude of the sine and
cosine curves which uniquely add to this function at every frequency, is the same thing. Loosely,
the FT is a linear operator which switches between these two characterisations of the function,
the inverse Fourier transform (IFT) switches back, as the name suggests. Note, in this text, like
much of the mathematical finance literature, we assume the FT and IFT are exact inverses of
each other, as in ˇ̂

f = ˆ̌f = f . This is incredibly useful, though technically incorrect, but is not
what interests us about this operation, we are interested in exploiting the computational power
of the Cooley - Tukey algorithm. We follow the derivation given by [5] and refer to that work
for further details.

We are interested in pricing a European call option with strike price K, maturity T and time
to maturity τ . Let k = logK and CT (k) the value of this option. Consider the risk-neutral
density function of the log of the asset price at time T , sT , as qT (s). The characteristic function
of a density function is its inverse FT, so ϕT is

ϕT (ξ) = E
[
eiξs
]
= q̌T (ξ). (10.13)

The value of a call option is the discounted present value of the expectation of ST−K, if ST > K,
and so is given by the relation

CT (k) = e−rτEST
[χST>K(ST )(ST −K)] =

∫ ∞

k
e−rτ (es − ek)qT (s)ds, (10.14)

where χST>K is 1 if ST > K and 0 otherwise. However, since CT (k) tends to S0, the spot price,
as k → −∞, this function is not square integrable. Since we need the function to be square
integrable, we have to consider a slightly different function which instead tends to 0 as k → −∞
fast enough so that this new function is square integrable. An exponential might seem overkill
but ends up being correct, the relevant damping is given by

cT (k) = eαkCT (k)

for α > 0 such that E
[
Sα+1
T

]
< ∞, a necessary condition on α which will ensure the modified

call price is integrable. Introducing this α, instead of considering α = 1, might seem arbitrary,
but it proves to be the correct way of analysing the problem. We now study this damped call
price and consider its inverse Fourier transform, it is the case that

CT (k) = e−αk ˆ̌cT (k) =
e−αk

2π

∫ ∞

−∞
čT (ξ)e

−iξkdξ, (10.15)

we will find an analytic representation for čT (ξ) and so will be able to apply the FFT to calculate
the call price. The derivation is as follows

čT (ξ) =

∫ ∞

−∞
eiξk

∫ ∞

k
eαk−rτ (es − ek)qT (s)dsdk,

= e−rτ

∫ ∞

−∞
qT (s)

∫ s

−∞
eiξk+αk(es − ek)dkds,

= e−rτ

∫ ∞

−∞
qT (s)

[
e(α+1+iξ)s

α+ iξ
− e(α+1+iξ)s

α+ 1 + iξ

]
ds,

=
e−rτϕT (ξ − (α+ 1)i)

α2 + α− ξ2 + i(2α+ 1)ξ
.

Note, this function is finite provided ϕT (−(α + 1)i) is finite, which is exactly the condition we
placed on α. This representation is even valued in its real part, and so, since CT is real, the
imaginary part of the right side of (15) must be 0. We can thus simplify (15) to give

CT (k) =
e−αk

π
Re
[∫ ∞

0
e−ikξ čT (ξ)dξ

]
. (10.16)
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For the Heston model, ϕT is known analytically and is given by the fi in (7), so giving an
analytic formula for čT . Importantly, this procedure does not work for options with very short
maturities, for technical reasons for which the Fourier inversion procedure, and so equation (15),
is highly unstable and so does not always hold. Thus, these need to be priced separately and we
refer to [5] for detailed analysis of the problem.

The Discrete Fourier Transform

We now give a brief rundown of how the required integral in (16) can be numerically approxi-
mated, to do so the discrete Fourier transform (DFT) must be defined.

Definition 10.10. [5] For x ∈ CN , its discrete Fourier transform is, for k = 1, . . . , N ,

x̂k =

N∑
j=1

e−i 2π
N

(j−1)(k−1)xj . (10.17)

And its inverse discrete Fourier transform is, for k = 1, . . . , N ,

x̌k =
1

N

N∑
j=1

ei
2π
N

(j−1)(k−1)xj . (10.18)

The DFT can be used to numerically approximate the Fourier transform, in much the same
way a finite sum can be used to approximate an integral. A simple study of (16) results that the
integrand is O(1/ξ2), so a truncation can be made in the domain of integration resulting in an
arbitrarily small error, provided the truncaton is large enough. This justifies using a finite sum
as an approximation. We consider, for a uniform spacing η > 0 to be chosen later, the Riemann
sum approximation

CT (k) ≈
e−αk

π
Re

 N∑
j=1

e−iη(j−1)k čT (η(j − 1))η

 . (10.19)

To use the DFT, we require the frequency space (in this case k) to also be discretised, so we
discretise the log strike levels around 0 with spacing λ > 0, resulting in a uniform mesh of
[−Nλ/2, Nλ/2]. We place a constraint on η, λ and N , which we can do since they have not yet
been chosen, as

λη =
2π

N
.

Letting ku = −Nλ
2 + λ(u− 1),

CT (ku) ≈
e−αku

π
Re

 N∑
j=1

e−iη(j−1)ku čT (η(j − 1))η

 (10.20)

=
e−αku

π
Re

 N∑
j=1

e−i 2π
N

(j−1)(u−1)eibη(j−1)čT (η(j − 1))η

 . (10.21)

This is a direct application of the DFT, which we will learn to compute efficiently soon. It is
clear that this method involves a lot of extra constants – α, η, λ and N – the choosing of which
is left to the discretion of the reader. The choice of these constants is largely dependent on the
model which is being used to price these options, however, to be able to choose a larger η, and
thus a smaller λ, techniques such as Simpson’s rule can be employed.
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The Cooley-Tukey Algorithm

Computing discrete Fourier transforms is the point of fast Fourier transform algorithms, of which,
the Cooley - Tukey algorithm [7] is the most famous example. For N a power of 2, the Cooley
- Tukey algorithm splits the input vector into two vectors of length N/2, calculates their DFT
and recombines the result using the periodicity of the complex exponential to give the required
result. A rough derivation is as follows.

Let x ∈ CN , for N a power of 2, and let E = (x2, x4, . . . , xN ) and O = (x1, . . . , xN−1). Thus,
for k = 1, . . . , N/2

x̂k =

N/2∑
j=1

e−i 2π
N

(2j−1)(k−1)x2j +

N/2∑
j=1

e−i 2π
N

(2j)(k−1)x2j+1 = e−
2πi
N

kÊk + Ôk.

This is useful, but the real utility of this method derives from the fact that x̂k+N/2 can also be
obtained from Êk and Ôk, as follows

x̂k+N/2 =

N/2∑
j=1

e−i 2π
N

(2j−1)(k+N/2−1)x2j +

N/2∑
j=1

e−i 2π
N

(2j)(k+N/2−1)x2j+1,

= e−
2πi
N

k+πi

N/2∑
j=1

e−2πjie−i 2π
N

(2j)(k−1)x2j +

N/2∑
j=1

e−2πmie−i 2π
N

(2j)(k−1)x2j+1,

= −e−
2πi
N

kÊk + Ôk.

This process can clearly be iterated, provided N is a power of 2. This reduces the complexity of
calculating the DFT from O(N2) to O(N logN), a considerable reduction when N is very large.

10.5.2 Pricing Model

We now discuss a semi-analytical implementation of the Carr-Madan Fourier pricing method for
European call options under the Heston model. We say ‘semi-analytical’ since we use the closed
form of the characteristic function ϕT (ξ) of the log-asset price sT = logST under the risk-neutral
measure, but evaluate the integral of this characteristic function numerically. Under the Heston
model, this characteristic function is given by

ϕT (u) = exp (C(u, T ) +D(u, T )v0 + iu logS0) ,

where v0 is the initial variance, S0 the initial asset price, and C(u, T ), D(u, T ) are given in closed
form [10].

The FFT procedure [5] allows us to compute call prices across a uniform grid of log-strike
values ku. The numerical procedure follows equation 10.17, discretising the integral and applying
the FFT as described in the previous section. We use the following parameter values.

s0 = 188.85; K = 190; r = 0.05; tau = 1.0; kappa = 2.0; theta = 0.05;
sigma = 0.3; rho = -0.5; v0 = 0.05

Using this model, we return a price of US$20.625 for this call. In comparison, our Monte
Carlo pricing model returns US$20.696, while QuantLib’s semi-analytical Heston pricing engine
gives US$20.603.

Crucially, this FFT based approach uses the closed-form availability of the characteristic
function and thus is significantly more computationally efficient than a Monte Carlo simulation.
In fact, this method is so much more efficient that we can plot a smooth surface of the call price
against strike and maturity as in Figure 10.3.

On the other hand, the Monte-Carlo approach allows for far more flexibility for more complex
payoffs or exotics.
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Figure 10.3: Call Price against Strike and Maturity

10.6 Parameter Calibration in Python

We calibrate parameters for European call options for Nvidia with a maturity of the 18th June
2026, τ , and the available strike prices for that date, K = {K1, . . . ,Kn} . The spot price is
US$183.69 per share. Note that when this is done in practice many more maturities are used,
so our results fit incredibly well also because of this fact – some overfitting is in play. We use
QuantLib’s semi-analytical pricing engine as Monte Carlo simulation with too few paths means
that the function would be unstable in minimisation, and would take too long with the necessary
paths. We use the simple loss function

Loss(τ,K,Θ) =
1

n

∑
k∈K
|Cτ,k − CΘ

τ,k|,

where Θ = (v0, κ, θ, σ, ρ), Cτ,κ is the market price and CΘ
τ,κ is the Heston model price. We use

Scipy’s optimize.minimize to find a local minimum of the loss function. The code is in the
Github. This gives an estimate of Θ̂ = (0.14, 2.16, 0.073, 1.10,−0.16). Using this estimate, we
created a Heston model for the price with these parameters and the output prices for the relevant
strikes is plotted in 10.4, showing remarkable similarity to the market prices.
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Figure 10.4: Price in USD against Strike Price

To highlight the improvements when compared to the Black-Scholes model, we compute the
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Black-Scholes implied volatility of these options and the implied volatility of the modelled options
using the Heston model, plotted in 10.5. This somewhat shows a volatility smile and exhibits
remarkable similarities for in-the-money options. We compare with the Black-Scholes model,
which has constant implied volatility, and highlight the difference particularly for out-the-money
options. The fact that the Heston model implied volatility is so different at low strike prices
is a clear drawback of the model. The function used to compute the implied volatility is also
described in the Github.
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Figure 10.5: Implied Volatility against Strike Price

The similarity of the implied volatility curves is so important that the distance between
implied volatilities can be used as a loss function to estimate parameters [14, p. 148], though we
do not utilise this here.

10.7 The Heston Greeks

The Greeks of a model investigate the sensitivity of the pricing model to change in a specific
parameter; mathematically, they are the partial derivatives of the call (or put) price with respect
to the relevant parameter. The most relevant first order Greeks measure sensitivity with respect
to the spot price, delta; the risk free rate, rho; the time to maturity, theta; and the implied
volatility, vega. The only one we will study here is delta. As the Heston model gives a closed
form for the call price, a closed form for most Greeks can easily be computed. In the case for
delta, this is, using the earlier notation,

∆C = ∂SC = e−qτP1,

where q is the dividend rate of the option. For the model calibrated using the Nvidia options,
we plot the delta against the strike price and maturity in figure 10.6.
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Figure 10.6: Delta against Maturity and Strike price

Considering that the spot price at this time was US$184, figure 10.6 tells us the sensitivity
of the call price to a change in spot price is highest when the option is far in-the-money and has
a short expiry. Meanwhile, it is lowest when the option is far out-the-money and has a short
expiry. Interstingly, at maturity of 1 year, the delta behaves almost linearly with respect to the
strike price.

10.8 Conclusion

The Heston model is not perfect, it has some serious drawbacks in the large amount of high-
quality data necessary to train it and how slow the numerical integration, necessary to use the
analytic solution, can be. Further, the obvious next theoretical question arising from the Heston
model is: what if σ is itself stochastic?

These considerations lead to the double Heston model, which models σ as a stochastic process
[14, pp. 357-382]. In addition to this, there have been developments in modelling higher moments
as stochastic processes, including research into stochastic skew [6]. However, there are other
models which try to allow for other market behaviours this model does not explain. These range
from the rough Heston model, which seeks to exploit the fact that log-volatility behaves as a
fractional Brownian motion [8]. Moreover, stochastic volatility jump diffusion models, like the
Bates model [1], seek to take into account unexpected market shocks. The Heston model has
also been on the frontier of deep learning initiatives in mathematical finance, this is because the
model is well understood and acts as an ideal benchmark case for these more advanced techniques
[4].

The Heston model is a stochastic volatility model which has enjoyed success in pricing vanilla
options, like the Nvidia ones we priced, and was used especially in the early 2000s. We have
outlined some of the theory for the Heston model and the powerful mathematics which it requires;
derived the Heston PDE and corresponding characteristic functions which are used to analytically
price relevant options and have shown how the Heston model simplifies down to the Black-Scholes
model. The Heston model however, has some drawbacks in its computation speed and ability to
deal with more advanced market behaviours, this has kept stochastic volatility models forefront
of research in mathematical finance.
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Abstract: The Capital Asset Pricing Model (CAPM) and the Fama-French 3 and 5
Factor models remain central tools in asset pricing, yet their empirical limitations and
restrictive assumptions have motivated continued refinement. In parallel, machine
learning techniques have demonstrated increasing relevance in financial modelling,
owing to their capacity to capture complex, non-linear relationships. This article
reviews how machine learning methods, including artificial neural networks, recur-
rent neural networks, long-short-term memory networks, and gated recurrent units,
have been applied to evaluate and augment the CAPM, Fama-French 3-Factor, and
5-Factor frameworks. By surveying empirical studies across multiple markets, the
article examines whether these techniques improve explanatory and predictive perfor-
mance, and assesses attempts to combine traditional models with neural networks.

11.1 Introduction

Applying machine learning in financial research papers has been rapidly increasing, from a paltry
2 articles in 1995 to 64 in 2020.[15] This trend is expected to continue, with 99 articles in 2023, 50
percent more than the end total of 2020. Notable influential work in the early 2000s used neural
networks to forecast the prices of derivatives (Hutchinson 1994, Yao 2000), which prompted later
researchers to further examine their feasibility in contemporary financial markets.[17][34]
The Fama-French three-factor (FF3) and five-factor (FF5) models are cornerstones of modern
finance and thus are good candidates for these types of improvements, given that they are still
imperfect models that have received substantial criticism. FF3 was developed in the 1990s by
Eugene Fama and Kenneth French, in their work to build upon the Capital Assets Pricing Model
(CAPM), through the introduction of additional factors to capture the effects of the size of the
firms and book-to-market ratio. FF3 considers the excess risk (captured by the excess market re-
turn), size of company (measured by the excess in returns from small-cap minus large-cap stocks),
and value (reflected in the spread from high book-to-market ratio minus low book-to-market ratio
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of stocks).[9] FF5 also accounts for profitability (measured by the difference between high- and
low-operating profitability stocks) and investment (capturing the spread between stocks with
high and low levels of investment). [10]
In this article, I will explain examples of machine learning methods being applied to evaluate
the efficiency of FF3 and FF5, and the effectiveness of those attempts, by reviewing the liter-
ature published regarding the comparison between these models. I will also explore attempts
to combine machine learning to FF3 and FF5, to further improve the accuracy of their predic-
tions and add additional factors, given that machine learning models are excellent at identifying
correlations between variables.

11.2 Capital Asset Pricing Model (CAPM)

CAPM was built upon the work of modern portfolio theory independently by several economists,
namely William Sharpe[29], John Linter[20] and Jan Mossin[21]. It has had far reaching conse-
quences in how portfolios were constructed for pension and insurance funds that serve millions of
people, and popularised the concept of stock market ’efficiency’ (the idea that the stock market
is what offers a correct price for a share). It is a model for pricing an individual security or
portfolio, and starts by making several assumptions of all investors and then builds upon these
assumptions to create relationships between several key variables. [14]
Namely, that all Investors:[14]

1. Aim to maximize economic utilities (Asset quantities are given and fixed). This is to
say that they will choose portfolios that are mean-variance efficient: That it provides the
highest level of returns for a given level of risk.

2. Are rational and risk-averse: Which is to say that they prefer higher returns for a given
level of risk and will make decisions to maximize their expected benefit

3. Are broadly diversified across a range of investments.

4. Are price takers, i.e., they cannot influence prices: Institutional investors often have the
ability to influence the prices through their market power.

5. Can lend and borrow unlimited amounts under the risk free rate of interest.

6. Trade without transaction or taxation costs.

7. Deal with securities that are all highly divisible into small parcels, meaning all assets are
perfectly divisible and liquid.

8. Have homogeneous expectations. Which is to say that they have the same beliefs regarding
returns, variances and covariances of assets (how the returns of two different asset move in
relations to each other), and will lead to them all identifying the same optimal portfolio of
risky assets.

9. Have all information available all at the same time

The equation that relates the key variables take the form:

E(Ri)−Rf = βi(E(Rm)−Rf ) (11.1)

E(Ri) Expected return on asset i.

Rf Risk-free rate of return.

E(Rm) Expected return of the market portfolio.
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βi Sensitivity of the asset’s excess return to the market excess return
A central tenet of the CAPM is that systemic risk, captured by the β , is the only factor that
affects the level of return on a share for a completely diversified investor. This risk is thus directly
correlated to the amount that the share will move when the stock market moves as a whole.[14]

11.3 Weakness of CAPM

Academics had started to criticise the model in the 1970s, with one particular line of criti-
cism from Richard Roll, directed at the heart of the model, was that the model is essentially
untestable. This was due to the fact the market portfolio is unobservable[25], because it would
need to include every possible available asset, including items such as jewellery and stamp collec-
tions. Additionally, any mean-variance efficient (offers a highest possible return for a given level
of risk) portfolio satisfies the CAPM equation exactly. [25] Testing the CAPM is is equivalent to
testing the mean-variance efficiency of the Portfolio, so it provides little unique insights to the
investor, which couldn’t be gain more easily.
Furthermore, of the many assumption listed above, whilst we acknowledge that all of these as-
sumption are on some level unrealistic, some are much more outlandish than others. This could
explain the significant amount of anomalies that do not fit the CAPM, as the cases were the as-
sumptions don’t hold would be the biggest sources of error. It goes without saying that the idea
of all investor having all information available at all, are rational and risk averse and are broadly
diversified, are not going to hold true. The main problem is that every investor is assumed to
be rational and risk averse and broadly diversified. It may be the case a single investor could be
described as such, but this assumption fails because it is applied to all participants. Additionally,
even the idea that all investors are price taker doesn’t always hold true, as institutional investor
often have the ability to exert significant influence on the market.
Eugene Fama and Kenneth French focussed their criticism of the CAPM around two phe-
nomenons they noticed throughout the data they presented, which covered the range 1963-1991.
The first criticism, dubbed the size premium, was that small stocks as measured by market capi-
talization outperformed what CAPM would have expected.[8] There are several hypotheses that
can explain this phenomenon, such as that smaller companies have reduced access to capital,
less customers and lower liquidity, and are thus exposed to greater risk.
The second criticism they levied, dubbed the value premium, was the out-performance of high
book/market versus low book/market companies. A high book/market ratio stock is one where
their market value is lower than their book value (net asset value). This would usually suggest
that the stock was undervalued by the market or the company is in financial turmoil. One reason
for this performance are that these stocks are considered more risky, and thus increased returns
are the compensation for this increased risk. [8] The alternative behavioural reason is that this
is an anomaly due to market inefficiency and investor biases. Investors overreact to recent news,
and thus underprice these High book/market stocks. The subsequent corrections of these mis-
pricings leads to the higher returns. [36]
Nevertheless, the CAPM has been incredibly influential in modern finance, and many attempts
have been made to find a more grounded and accurate model to accurately price securities and
commodities. Fama and French were two such economists, who would collaborate to create their
own model to address the criticisms they identified.

11.4 Fama-French Three Factor Model(FF3)

In 1992, Economists Eugene Fama and Kenneth French published "The Cross Section of Expected
Stock Returns", which proposed that firm size and book-to-market value as better explanatory
variables than beta.[11] Then in 1993, they proposed their three-factor model (given below),
which introduced the SMBt and HML factors, which accounts for the over performance of
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small market capitalisation companies and high book to market ratio companies than what
would have been prediction via CAPM.[8] It retains the Market Risk Premium (Rm −Rf ) from
CAPM, but eschews all the other terms, and adds the previously mentioned factors:

r = Rf + β(Rm −Rf ) + bs · SMB + bv ·HML+ α (11.2)

r Expected return of the portfolio.

Rf Risk-free rate of return.

Rm Return on the market portfolio.

β Market sensitivity coefficient, analogous to CAPM beta.

SMB Small Minus Big factor, capturing the size premium.

HML High Minus Low factor, capturing the value premium.

α Abnormal return not explained by the included risk factors.

SMBt =
(S/L+ S/H)

2
− (B/L+B/H)

2
,

HMLt =
(H/S +H/B)

2
− (L/S + L/B)

2
.

11.5 Shortcomings of FF3

Though the 3 factor model is an improvement over the CAPM, and has been able out-perform
attempts to improve the model (as will be explored later in this article), there have still been
critiques levied against FF3. Even though SMB and HML do appear to have some correlation
to expected returns, they do not appear to have any substantive economic theory that explains
why they should be risk factors. There are many factors in life that are correlated with each
other, but that doesn’t imply that one causes the other - or that another factor is what actually
affects SMB and/or HML, and also more correlated to expected returns. As such, the model has
been accused of "data mining," meaning the size (SMB) and value (HML) factors were chosen
because they empirically fit historical data, rather than being derived from a robust underlying
economic theory of risk, which could explain how these are related. Critics argue that by using
empirically-derived factors (SMB and HML), the model is shifting away from a risk-based
approach to a more ambiguous, "quality-specific" method. There is this no guarantee that these
factors will continue to hold, an there has been some analysis that shows that expected results
diverge from actual results.[2] Additional criticisms were taken onboard by Fama and French,
namely that there were two additional factors that were correlated to expected returns, which
were incorporated into their adjusted 5 Factor model. These two additional factors were that
higher returns of stocks with high operating profitability and the higher than expected results of
firms that adopt conservative investment strategies. [10]

11.6 Fama-French Five Factor Model(FF5)

In 2015, Fama and French updated their model, adding two additional factors to account for
the anomalies from the original FF3. These included Robust-Minus-Weak (RMW ), to capture
the higher returns from companies with greater profitability and Conservative-Minus-Aggressive
(CMA), to account for companies which invested conservatively tending to offer higher returns,
despite their low asset growth. [10] Their justification was that these two additional factors
produce a resulting model, which provides a more accurate framework, and better captures the
average returns. However, Fama and French themselves have also shown that HML is redundant
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in US markets, as it is completely explained by the other four factors.[12] And in the Eastern
European, Latin American and Asian Markets have shown that the HML is the only one of the
five factors that is not redundant when the FF5 is applied.[18] This indicates that whilst not
every term is totally independent in all regions, there exists some use case for their inclusion in
the model for broader application.

Rit −RFt = αi + β1(RMt −RFt) + β2SMBt + β3HMLt + β4RMWt + β5CMAt + εit (11.3)

Rit Return on asset or portfolio i at time t.

RFt Risk-free return at time t.

RMt Value-weighted market portfolio return.

SMBt Size factor (Small Minus Big).

HMLt Value factor (High Minus Low).

RMWt Profitability factor (Robust Minus Weak).

CMAt Investment factor (Conservative Minus Aggressive).

β1,...,5 Factor loadings.

αi Abnormal return unexplained by the factors.

εit Zero-mean error term. [12]

11.7 Shortcomings of FF5

Despite the addition of extra components, FF5 doesn’t always outperform FF3 in all situations.
In fact, several studies show FF3 performs as well as, or is a better performing model in Asian
markets.[22][18] HML is the only factor that is not redundant in Asia, Eastern Europe or Latin
America, RMW is not significant in Asia, and CMA and SMB are redundant in Asian, Eastern
Europe and Latin American markets.[18] The value factor is redundant for US equity returns,
but has substantial explanatory ability in emerging markets, and CMA is redundant in Chinese
markets.[24] Given that portfolios are optimised in specific regional markets, it means that we
have a useless coefficient much of the time. We must also consider that if we were to assume
that all markets are bound by similar rules, then the existence of factors not applying to all
regions places some doubt in the logical basis of the model, as we cannot be sure that these are
fundamental factors, which will always be true for any market. One has to consider that these
factors may only have been usefully explanatory for a certain time or developmental period, given
that the nature, organisation and mindset of firms has changed significantly in years since the
1980s. All of this paints the picture of a model that has some useful explanatory ability, albeit
with the caveat that it is still a imperfect model that is not drawing its components from the
fundamental forces which govern returns from the market. It makes sense for us to then pursue
alternative methods to analyse the returns of a stock, if for no other reason than to compare
whether we should go for a new approach.

11.8 Machine learning tools used in analysis

Before going into the descriptions of the neural networks used for analysis, it is import to define
certain definitions and functions. Below, equation (4) illustrates a mathematical description of
a simple node of a network, to aid explanation.

y = σ(w1x1 + w2x2 + ...+ wnxn + b) (11.4)
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Inputs: x = (x1, x2, . . . , xn) denotes the input vector to a node.

Weights: w = (w1, w2, . . . , wn) determines the strength of each input signal. Analogous to
the slope a in the linear relation z = ax + b, where the weighted sum forms the
argument of the activation function.

Bias: b provides a constant offset, shifting the activation function output, analogous to the
intercept in a linear model.

Activation function: σ(·) introduces non-linearity; a commonly used example is the sigmoid
function, satisfying σ(x) = 1− σ(−x).

Hyperbolic tangent: tanh(x) = e2x−1
e2x+1

, an activation function bounded in (−1, 1).

Hadamard product: The element-wise matrix product defined by (A ◦B)i,j = Ai,jBi,j .

Node (Neuron): A computational unit within a neural network layer. It computes a weighted
sum of inputs, applies an activation function, and passes the result to subsequent
layers [5].

Edges: Connections between nodes that transmit information through the network.

Concatenation: The operation of combining vectors without loss of elements, e.g. [1, 2] and
[3, 4, 5] concatenate to [1, 2, 3, 4, 5].

Input gate: Controls the flow of current input and previous hidden state into the cell state.

Cell state: Represents long-term memory in an LSTM, aggregating information across time
steps.

Hidden state: Short-term memory updated at each time step via a non-linear transformation
influenced by the cell state.

Output gate: Regulates how much cell-state information is passed to the next hidden state.

Reset gate: Controls how much of the previous hidden state is discarded at the current step.

11.8.1 Artificial Neural Network (ANN)

Neural Networks are a powerful class of computational models with a wide range of applications,
ranging from data analysis in science and healthcare to voice and speech transcription/trans-
lation. Their Core design is based around a simplified model for how neurons are structured
within the human brain, where nodes (neurons) are connect by ’edges’ and are organised into
many hidden layers along with an input layer and an output layer on either side of the hidden
layers. The purpose of the nodes is to transform the data passed into it, by applying weight and
biases, passing it through an activation function, and then passing on the output through the
edges, further along the network. The nodes can take many different forms, ranging from simple
linear classifiers, to complicated, multi-gated ’cells’, which take much more complicated structure.

A mathematical description of the hidden layer of an artificial neural network:

Yj = σ(Wi,j ×Xi − bj)

Yj Input information of the jth input of neuron Y

Wi,j The connection weight between the ith input and the jth neuron, which is an element of
the matrix W

Xi The ith input variable where X represents the input vector

bj The jth element of the bias/threshold variable
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Figure 11.1: The matrix representation of the most simple and how results are calculated through
matrices. Scaling up the layers by adding more layers involves repeating this process multiple
times

In it’s simplest form, an Artificial Neural network (ANN) is made up of nodes of linear classifiers,
called perceptrons, that takes d inputs (x1, ..., xd) and outputs 0 or 1. We need a function to
represent these nodes, and a common candidate is the sigmoid function for its simplicity and
resistance to large fluctuations in values. After computing the results for the nodes for a hidden
layer, the results are passed on to next layer and the process is repeated until we receive an output
through the output layer. Each of the nodes contains weights and biases, which can be seen as
the vector (or row of a matrix), which we combine with the input vector to obtain the resulting
scalar product, and that result is modified with a bias and passed through an activation function,
to give an output which will make a single value of the input vector for successive nodes. The
arrangement and values of these weights can be seen as way to store information which is then
accessed through the input of a specific vector, with the information obtained through the output
vector. Thus, the precise calibration of these weights is necessary in order for the information
to be stored, and this is achieved through the process of ’supervised learning’. The weights are
initialised at random, then through the process of backpropogation, the model is given training
data labelled with appropriate answers. In an implementation of backpropogation, a ’forward
pass’ occurs, where data is input into the model to give and output. Then, through the use of
a ’cost function’, the output value is used to calculate the ’loss’ or deviation from the expected
answer. The output layer is then sent in the reverse, from the output layer to the input layer, and
the chain rule of calculus is used to compute the derivative of the loss function, with respect to
each weight. This determines each component’s contribution to the deviation from the expected
value, and through the use of an optimiser, such as Stochastic Gradient Descent or Adaptive
Moment Estimation (sometimes abbreviated as Adam), the components are update to a new
value that corrects for the error in expected value. This process is repeated for each element of
the training data to obtain a model with the finalised weights and biases. The final weights and
biases are then stored in arrays/lists, and it is through these combinations of weights values and
positions, where this information is stored.
Whilst the above neural networks are quite effective for analysing relationships within data,
there have been many improvements on the design of neural networks, mainly centred around
improving the ability of the node itself to improve information retention.

11.8.2 Recurrent Neural Network (RNN

Recurrent Neural Networks (RNN) are a class of neural network for specialised for processing
sequential data, because they are networks with loops in them, which act as an internal memory.
Though this seems like a significant divergence from the class we described earlier, we can unroll
the loop to see that it is a repeating chain of the same unit block, with input data being processed
from one side to the next and giving an output to be passed on through the other. Because of
this chain like nature, they have been found to excel in speech recognition, language modelling
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Figure 11.2: RNN compressed on the left, and unfolded on the right to better show the structure.
xt - input vector, ht - hidden vector, yt - output vector, θ - neural network parameter. [13]

Figure 11.3: Overview of the Long Short Term Memory (LSTM) recurrent unit.[6]

and translation, where in order to give a correct answer, it is necessary to consider the context
(which is the order, or the placement) of each word in the sentence or paragraph as a whole. This
property is called ’long-term dependency’, and it is a quality that we desire for the particular
types of analysis we are conducting (which is to say capturing trends over a long time series
in a financial market). Much like a traditional neural network, it requires training on data to
store information and calibrate the weights and biases. The diagram (Figure 2.) shows the loop
unravelled, to demonstrate the similarity between the conventional neural network.
Though they are extremely capable, RNNs suffer from the ’vanishing gradient’ problem, as they
squash a large input space into [0,1], and for the sigmoid function, a large change in input
results in a competitively small change in output. Over time, the looping nature of the network
nodes feeding into one another, causes the derivative to become small and in turn results in
the gradient tending to 0. Since the gradient is the major factor in the updating, this prevents
the weight from updating. Additionally, they can also suffer from ’exploding’ gradients during
backpropogation. This occurs due to the repeating multiplication of weights >1, which leads
to exponential growth across the layers. These two classes of problems are subsets of what is
referred to as the ’Vanishing Exploding Gradient’ (VEG) problem. For both of these situations,
increasing the amount of layers worsens the issue, as multiplying a group of numbers <1 results
in a very small number that is ≪ 1, and multiplying a group of larger numbers >1 will result in
a larger number≫1. To manage these scenarios, the number of layers must be moderated, along
with making sure the starting weights and biases are not too big or small. However, the more
interesting solution is to use ’gates’ that can restrict the gradient from increasing or decreasing
too quickly, as we shall soon see. In theory, RNNs should be capable of developing long-term
dependencies, but as they lack an explicit notion of memory, such as the gates in LSTM and
GRU, they are unable to maintain strong long-term dependencies in practice. The main reason
for this is aforementioned VEG problem, as the very large or small gradients prevent the weights
from being updated, which limits the ability to take in new information. Whilst it is possible for
RNNs to capture long-term dependencies, it requires significant modifications to their structure
through the use of gates.
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11.8.3 Long Short Term Memory (LSTM)

The LSTM neural network was introduced by Sepp Hochreiter and Jurgen Schmidhuber, with
it’s principles introduced in Hochreiter’s 1991 German Diploma thesis. Through the use of gat-
ing mechanisms, the LSTM is able to avoid the issue of vanishing or exploding gradients that
were exhibited by RNN. LSTM were designed to avoid the problems with capturing long-term
dependencies, so remembering information for long periods of time is their default behaviour.
The LSTM has 3 Gates; the input gate, the forget gate and output gates, which controls infor-
mation influx, memory retention and output determination respectively. Because of the gates
structure and the separate cell state, an additive path exist for the gradient, instead of a mul-
tiplicative path. Addition is much less prone to exponential increases, and given that sigmoids
output values in the range [0,1], this stops exponential increases/decreases in the gradient, thus
preventing the VEG problem.
These networks are best used for capturing long term dependencies, due to the nature of their
more sophisticated memory, and have many use cases in language modelling, speech recognition
and anomaly detection. Below are equations that describe the main features of the LSTM.
Forget gate: ft = σ(Wf [ht−1, xt] + bf ), which determines how much of the previous cell state

Ct−1 is retained.

Input gate: it = σ(Wi[ht−1, xt] + bi), which controls how much new information is written to
the cell state.

Cell input activation: C̃t = tanh(WC [ht−1, xt] + bC), which represents the candidate values
for updating the cell state.

Cell state: Ct = ft ◦ Ct−1 + it ◦ C̃t, which combines retained past information with newly
generated content.

Output gate: ot = σ(Wo[ht−1, xt] + bo), which regulates the information passed to the hidden
state.

Hidden state: ht = ot ◦ tanh(Ct),which represents the output of the LSTM cell at time t.
The first step is to decide what information we are retaining in our cell and what we are throwing
away. Starting from the bottom left corner of Figure 3, the forget gate receives the input vector
(xt) and the previous hidden state (ht−1), and the value computed from the concatenation of xt
and ht−1, which is then combined with the weight matrix (Wf ), to calculate the scalar product.
The scalar product is modified with the bias and passed through the sigmoid function (σ), to
give the final output of the forget gate. These values are passed on to Ct−1, which decides how
much to keep of xt and ht−1 depending on the value of the number passed on. A value of 0 mean
that nothing should be remembered about this data and it should forgotten, whilst a 1 means
that it must be completely remembered. Consequentially, if the value is in-between 0 and 1, then
size of the value is proportion should be remembered or forgotten.
The cell state must then decide what of the new information will be stored in the cell, which
has two steps. First, the input gate (it) gives an output in a similar manner to to forget gate
(albeit with different weights and biases), and passes the result onto the candidate for the cell
state (C̃t). Then C̃t uses the tanh function to give it’s output for the calculation of the new cell
state to commence.
We must now update the previous cell state, (Ct−1), to the new cell state (Ct), using the results
passed on from the previous steps. We preform the Hadamard product between Ct−1, with the
output from the forget gate, ft, which is equivalent to forgetting what the forget gate chose to
forget from all of the inputs. Then we add it ◦ C̃t, which the Hadamard product on the candidate
cell state and the input gate result, which is equivalent to keeping what the input gate decided
to keep from the inputs provided.
The final step will be to calculate the output from the cell state, which would be passed on to
other cell states. To decide what we will passed on, we use a sigmoid function in a similar manner
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Figure 11.4: Overview of the Gated Recurrent Unit (GRU) [7]

to the previous states (again with different weights and biases), which takes concatenation of xt
and ht−1 as an argument, and gives and output (ot). Then we calculate the value of Ct passed
through tanh, which gives the value for the new hidden state (ht). These to values are then
multiplied element-wise via the Hadamard product, to give the output, ht that is passed on to
the next cell. This value plays the same role as ht−1 in the current cell, but for the next cell.[23]
LSTM neural networks have shown significant performance improvements over the RNNs that
they are based on, and have spawned further improved designs, though not without a cost.[35]
There are multiple variations of LSTM available, but the all share the similar issue of requiring
large amount of memory for computation. Researcher have examined alternative models such
as Gated Recurrent Units (GRUs) that can maintain some of the benefit of the LSTM, whilst
lowering the memory cost.

11.8.4 Gated Recurrent Unit (GRU)

Gated Recurrent Unit (GRU) is a type of Recurrent Neural Network that handles sequential data
by using gates (reset and update) to control information flow. It is similar to Long Short Term
Memory (LSTM) but has fewer parameters, which results in considerably less memory intensive
and being faster for training, at the expense of some accuracy. Developed in 2014 by Kyunghyun
Cho et al.,[4] it diverges from the LSTM by reducing the number of gates to 2. These are the
update gate and the reset gate, which decide what information will be allowed to output and
can be trained to retain information from further back, which allows better predictions in chains
of events.
Like the LSTM, it also addresses the vanishing gradient problem in the values used to update
weights, but with a lower memory cost of computation. The usage of computer memory is
different to the memory of the cell itself, as it pertains to the cost of running/training the model.
Below are equations that describe the main components of the GRU, follow by a description of
their interaction.

zt = σ(Wz[ht−1, xt] + bz), (update gate) (11.5)
rt = σ(Wr[ht−1, xt] + br), (reset gate) (11.6)

h̃t = tanh(Wh[rt ◦ ht−1, xt] + bh) , (candidate state) (11.7)

ht = (1− zt) ◦ ht−1 + zt ◦ h̃t, (hidden state) (11.8)

xt ∈ Rd Input vector.

ht ∈ Re Hidden state vector.

h̃t ∈ Re Candidate hidden state.

zt, rt ∈ (0, 1)e Update and reset gate vectors.
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Wz,Wr,Wh Weight matrices.

bz, br, bh Bias vectors.
Where Wr,Wz,Wh ∈ ℜ(e+d)×d,Wz ∈ ℜe×d, rt ∈ ℜe and bz, br, bh ∈ ℜ are the parameter matrices,
vectors and bias values, which are what need to be learned during the training

Information enters the cell as the input vector (xt), and the hidden state of the previous time-
step (ht−1), which are concatenated. This concatenation is then multiplied with weight matrices
(Wz and Wr), and the result of these calculations is then used as the argument of the sigmoid to
calculate the update gate vector (zt), and the reset gate vector (rt) respectively. The candidate
hidden state vector (h̃t) is then calculated in two stages; first through the Hadamard product of
ht−1 and rt, which is then concatenated with xt. Then, the Hadamard product of the resulting
vector and the weight matrix (Wh) (along with the modification of the bias (bh)), is passed
through the tanh function to give h̃t. Similarly, the new hidden state is also calculated in two
stages, first through the Hadamard product of h̃t and zt. Then this summed with the result of
the Hadamard product of 1− zt and the previous hidden state, ht−1, to obtain the new hidden
state, which is output from the GRU to take the role of the previous hidden state in the next
iteration.
Compared to LSTMs, GRUs situationally perform better for low complexity and low data appli-
cation, with the LSTMs performing better than GRUs for high complexity and capturing very
long term dependencies. A GRU requires less data to train, as well as less time, so can perform
better in situations where training data is limited or the are few insights to obtain with long term
dependencies.[26] GRUs are also prone to over-fitting to the training data, which can hamstring
their ability to function as expected on unseen data. The total number of parameters in the
GRU RNN equals 3 × (n2 + nm + n) = 3n(n + m + 1) (where n,m ∈ ℵ), [26] whereas the
total number of parameters in the LSTM RNN is equal to 4(n2 + nm+ n) = 4n(n+m+ 1).[27]
Therefore, the GRU requires a smaller number of total parameters that must be calculated,
which can be beneficial when working with large datasets and larger models. It is worth noting
that there is no definitive assertion as to in what circumstances these improved performances
would arise,[26] which gives us a strong motivation to analyse the research that compares theses
models directly to the previously discussed financial models to gauge their effectiveness against
comparable methods.

11.8.5 Methods of Error Mitigation in Neural Networks

The training process of Neural Networks is crucial to the success of implementing the networks
in a practical setting, as any errors in this stage will carry over during the inference process.
Spurned by this challenge, researchers have developed many methods/techniques we can use
to mitigate errors in the training process, since a good training setup is crucial to optimal
results. There are two main classes of problems that cause errors during the training process; the
brittle co-adaptations of nodes, and the numerical instability of the weights. During training,
the backpropogation learning process creates brittle co-adaptations between the nodes of the
network, which are optimised for the training data. These co-adaptations are not as effective
when applied to the unseen data, which limits the effectiveness of the model during inference.
The VEG problem is an example of the numerical instability of weights, which occurs when the
gradients of the loss function become too large too quickly, in turn caused by the weights of the
network increasing too rapidly. The rapidly increasing weights cause the model to produce NaN
(Not a Number) or INF (infinity) value weights and overflow errors, preventing calculations from
being possible or give sensible answers, and thus limiting the model’s ability to learn during the
training process.
Gradient Clipping is a common technique to mitigate the VEG problem, as it directly modifies the
gradients to prevent them for becoming problematic values. The ’Clipping’ starts with defining a
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threshold, beyond which gradients are scaled down to ensure that their norm (magnitude) doesn’t
exceed the threshold. These clipped gradients are then used to update the model parameters,
which limits the weights from becoming excessively high NaN, and ensures that the training
process proceeds smoothly. Gradient clipping has been noted as for its ability to accelerate the
training process and converges arbitrarily faster than gradient descent with fixed a step-size.[37]
The purpose of the drop out layer (sometimes referred to as dilution) is to guard against over-
fitting, by randomly temporarily omitting the output of (for example) 20 percent of the cells, by
setting their value to zero. These dropped out cells don’t contribute to the forward pass, and
don’t participate in the back propagation process. This means that each time that an input is
given to the neural network, it is sampling from the pool of LSTM cell a different combination
of neurons, but all of these combinations share the same pool of possible cells. The goal of
this technique is to reduce the complex co-adaptation of neurons, because the neurons can no
longer rely on the other neurons to provide the correct answers. When the full set of neurons
is used after training, the total output of the network is multiplied by 0.8 (from the previous
example) to correct for additional cells by providing the geometric mean of the 128 combined
cells. Another advantage of the dropout layer is that they are highly computationally efficient, as
they randomly set a proportion of neurons to zero, thus they reduce the number of calculations
required in the process. Because of the low (computational) cost of implementation, combined
with the significant improvement in error reduction of 50 percent[31], dropout layers have seen
wide-scale usage in modern machine learning training processes.

11.9 Attempts at evaluating Financial Models using machine Learn-
ing tools

We have discussed the motivation, development and criticism of FF3 and FF5; and the mechanics,
theory and error mitigation of neural networks such as RNN, GRU and LSTM. In order for us
to make direct comparisons, that produce produce a good comparison which applies broadly, we
must consider a wide range of markets. In this section, we will discuss implementations in Asian,
Eastern European, Latin American and US markets, so that we can draw good conclusions.
Kuang-Hsun Shih’s (2024) paper[30] detailed their teams’ attempts to analyse CAPM, FF3 and
FF5 to neural networks such as LSTM, GRU and ANN, as well as convolutional neural networks
(CNN), with data on the time period 2010-2019. Their focus was on the key variables, such as
market risk premium; book-to-market ratio; size factor; short-term and long-term reversal factors;
profitability; investment; and momentum factors, which were used to compare the predictions
given by the models and neural networks. The study also examined combining the CAPM, FF3
and FF5 with ANN, LSTM, GRU and CNN to improve their forecasting accuracy. In their
analysis, they found that the Fama-French three-factor model, when paired with LSTM achieves
the minimum error consistently, thus having the best forecasting accuracy. The factors that were
the best predictor of returns were the market risk premium (Rf −Ri), the book-to-market ratio
(HML) and the size premium (SMB). The remaining factors did not provide any improvements
when they were included in the model. They stated that, though they had the option of 1,2 or
3 hidden layers, the LSTM with a single hidden layer and GRUs with double hidden layers were
the most effective, and that the results of LSTM, GRU, and GRU+LSTM with three hidden
layers are ineffective. Thus they only used double and single layers neural networks in their
experiments, as those would be the most promising candidates.
The study primarily relied on the Mean Absolute Error (MAE) as the error metric, which provides
a straightforward interpretation, though it might not capture all dimensions of the model’s
prediction performance. Additionally, when models were mixed and stacked (e.g., stacked LSTM,
stacked GRU, CNN-LSTM, and CNN-GRU), the results did not seem to reduce errors. This is,
however, contrary to findings in previous studies on this matter, which makes it difficult to draw
conclusions with respect to mixing and stacking models.[3] [16]
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RNN and LSTM has also been investigated in use for trading strategies. Most financial data
is time-serially correlated, and as a result, Long Short-Term Memory (LSTM) and Recurrent
Neural Network perform better than traditional trading algorithms, with gains of around 175
percent over the a period of 2 years.[28]
GRUs have been shown to have 25 percent less parameters than the LSTM per cell,[26][27] which
allows them to be more resistant to noise and be more computationally efficient.[1] Additional
analysis on stock price predictions shows that GRUs achieve a reduction in training speeds by
30-40 percent and lowered inference latency by 25 percent compared to LSTM under conventional
conditions.[32] However, the LSTM still performs better than GRU in terms of less deviation
error (0.24, vs 0.38 for GRU) for the complex critical events, which indicates better performance
during the more unpredictable periods in the markets. The Mean Absolute Error (MAE) of the
GRU was slightly higher than that of the LSTM, by 3 percent, which indicates the consistently
superior, if small, performance of the LSTM in this regard.[32] This suggests that there are some
very long term dependencies that are captured by the LSTM, but are not able to be captured by
the GRU. Training GRUs requires fewer iterations to reach convergence, with and reduction in
time of 19 percent.[32] The faster training times for the GRU, despite the larger deviation error,
indicate that GRU have good use case in real time trading environments, where a good estimate
that is achieved quickly is desired.
There has also been further attempts to combine the factor models with machine learning,
with some attempting to add additional factors to FF3 and FF5. Yao et als.’s 2022 paper on
implementing a six-factor model, based on LSTM and FF5, with the model being augmented
with a short-term momentum (sMOM) factor, which is simulated by the LSTM. The sMOM
factor refers to the tendency of recently well performing stock to remain well performing and the
poorly performing stocks to remain poorly performing. Their work focussed around the Chinese
stock markets, in Shanghai and Shenzhen stock exchanges, training from the period January
1st, 2008 to December 31st, 2019, and to avoid look-ahead bias, the portfolios were simulated
using the data from January 1st 2020, to May 31st, 2021. Their model used a LSTM layer
with 128 neuron (LSTM cells), with a dropout layer, as dropout layers can effectively reduce
over-fitting.[19] They had 3 experiments, Experiment A examines the explanatory power of the
model by classifying the current price movements; Experiment B also examines the explanatory
power but considers the time effect; Experiment C examines the prediction power of the model on
next-day returns. Their results from these experiments were then used to construct a portfolio,
and that portfolio was was then predicted by the model, which would be using the out of sample
data. In their analysis, the found that their six-factor best explains current price movements and
best predicts future price movements of stocks, when compared to other candidate models. Their
work, and they themselves, suggest that there is scope for neural networks being combined with
traditional economic models to enhance accuracy and give better predictions. The six-factor
model outperforms the other candidate models in terms of explain current price movements
and predict future price movements of stocks. Overall, by employing the LSTM algorithm,
we successfully forecast the asset price using a limited number of high-quality pricing factors.
However, 6th factor doesn’t address the FF5’s fundamental flaws of not being grounded in risk
analysis, because of the way it is obtained, and the ’black-box’ nature of the neural network.[33]

11.10 Conclusion

In this article, we have seen a summary of the development of the prominent Economic models
for predicting the returns of securities on the stock exchange, and the criticism that have been
levied against them. We have also explored the evolution of neural networks, from the basic
ANN, to CNN and advanced cells such as GRU and LSTM. We have discussed how studies
compared the economic models with the neural networks, as well as comparisons of combining
them. We also briefly discussed the other uses of the neural networks in other financial matters,
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such as stock trading, to consider if similar situations result in different results. We cannot say
whether one type of neural network will perform conclusively better, as the evaluation above
shows many situations where one performs better than the other and vice-versa. However, we
saw a trend of LSTMs and GRUs being the best performers, which could in part be due to
their superior memory structures. No doubt there will be future models that can improve upon
these, or find a particular niche where they excel. However, a good understanding of the theory
behind these models will be key to an effective implementation, and manage the difficulties of
the training process. The research we have discussed points toward machine learning techniques
and application of neural networks to the FF3 and the FF5 models as beneficial to improving
the accuracy of their predictions. With the popularity of applying machine models increasing,
not just in finance but in all fields, a good understanding in mathematical background of neural
networks will be a useful tool to both future researchers and those work in finance.
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Chapter 12

Dynamic Cointegration: Kalman Filter
for Pairs Trading

Ray Riyaz

Edited by: Adam Lewandowski

Abstract: This article examines the use of Kalman filter to estimate dynamic hedge
ratios in pairs trading and clarifies its relationship to classical cointegration. The
Engle–Granger framework is reviewed as a static equilibrium model, and is reformu-
lated in a state-space setting with hedge ratio as a latent-process. The dynamic model
improves adaptability under structural change, but it does not guarantee asymptotic
spread stationarity. Simulations highlight a trade-off between stability and response in
both models. Overall, Kalman-based estimation is best viewed as a control mechanism
rather than a replacement for classical cointegration.

12.1 Introduction

Pairs trading is a market-neutral strategy that seeks to profit from temporary mispricing between
two related assets. Rather than forecasting price direction, the strategy takes opposing positions
(buying one asset and selling another), so that returns depend on the convergence of their relative
values rather than on overall market movements [12]. The difference between these positions,
commonly referred to as the spread, is monitored for deviations from its typical behaviour,
which are assumed to be short-lived. In practice, however, the relationship between assets is
not always stable: structural changes, regime shifts, or evolving risk exposures can cause this
spread to drift, reducing the effectiveness of classical pairs trading strategies. This motivates
more adaptive approaches that allow trading relationships to evolve over time, such as those
based on Kalman filtering (essentially a recursive prediction-update algorithm).[13].

12.2 Preliminaries

For completeness, we briefly recall the following definitions.

Definition 12.1 (Stochastic Process). A stochastic process is a collection of random variables
indexed by time, defined on a common probability space.

Definition 12.2 (Price Series). A price series {Pt}t≥1 is a discrete-time stochastic process rep-
resenting the observed market price of a financial asset at each time t.
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Definition 12.3 (Spread). The spread is a linear combination of two asset prices, say P1, P2,
weighted by a proportion (hedge ratio β) in which two assets are to be held to minimise risk and
isolate their relative mispricing. Thus, the Spread St = P2,t − βP1,t.

Definition 12.4 (Weak-sense stationary process). A weak-sense or wide-sense stationary (WSS)
process is a stochastic process whose first moment (mean) and autocovariance do not vary with
time, and whose second moment (variance) is finite for all times.

Definition 12.5 (Order of Integration). The order of integration of a time series reports the
minimum differences required to obtain a WSS series. If L is the lag operator (LXt = Xt−1), a
time series Xt is integrated of order d if (1− L)dXt is a stationary process. This is denoted by
Xt ∼ I(d).

Remark 12.1. In what follows, we use weak-sense stationarity as a practical proxy for I(0)
behaviour in financial time series.

12.3 Static Cointegration

This section is expanded on the paper by Hossein et al. on profitability of various Pairs Trading
strategies such as Cointegration [5]

12.3.1 Rules needed for Cointegration

Equilibrium-theories (mean-reversion trading) or Statistical arbitrage require the variables
used to be I(0), so that any deviation from the mean will be temporary. But, most real economic
variables are non-stationary or I(1). Stock-prices, for example can be modelled as random walks.

xt = xt−1 + ϵt

Here, ϵt ∼ N (0, σ2) and ϵt ∼ I(0). Thus, xt ∼ I(1). Given constants a, b, c, the order of
integration of a combination of random-variables is generally given by the following rule.

xt ∼ I(d), yt ∼ I(e) =⇒ axt + byt + c ∼ I(max {d, e})

12.3.2 Cointegrated Assets

St = X2,t − βX1,t (12.1)

Consider the spread St with hedge ratio β, where Xi,t ∼ I(1) is the price-series of a stock.
Based on the rules, any arbitrary spread St ∼ I(1). But, this can be I(0), under some conditions.

Definition 12.6 (Cointegrated Assets). Two assets are said to be cointegrated, when there
exists a linear combination or spread (St) that is stationary.

Remark 12.2. There is no guarantee that two assets are always cointegrated.

Intuition

Let two price-series be xt, yt. Ler v, ϵ be their non-stationary and stationary components,
respectively. The spread is then:

St = xt − βyt = (vxt + ϵxt)− β(vyt + ϵyt)

= (vxt − βvyt) + (ϵxt − βϵyt)
(12.2)

For St ∼ I(0), we require vxt = βvyt or no non-stationary component.
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Implications of Cointegration

1. From equation 12.2, we can see that cointegrated assets share common non-stationary(I(1))
components [10]. They are affected by same trend, seasonal or stochastic parts.

2. Good candidates for cointegration are usually same-sector stocks: JPM and BAC, KO and
PEP, INTC and AMD, etc. Even some currency relations are cointegrated: AUD/USD
and NZD/USD.

3. The spread is asymptotically stationary. This is, thus, a long-run relationship between 2
assets that fails when the true equilibrium changes.

Correlation v/s Cointegration

Correlation and cointegration do not imply each other. Correlation measures short-term co-
movement of returns (I(0)). However, applying correlation to non-stationary price levels (I(1))
can produce misleading spurious correlations [4]. Cointegration captures long-term equilibrium
relationships between price levels. It applies to non-stationary asset prices (I(1)) that share a
stable linear combination, even though individual prices may drift over time.

Figure 12.1: No Correlation but Cointegrated Assets [8]

Figure 12.2: High Correlation but not Cointegrated Assets [8]

12.3.3 Engle–Granger Two-Step Procedure

Consider two price series xt and yt, such that xt, yt ∼ I(1). If these series share a long-run
equilibrium (or equivalently, cointegration) relationship, deviations from this equilibrium should
be temporary. The Engle–Granger two-step procedure provides a simple method to test for such
cointegration [3].
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Step 1: Estimation of the Long-Run Relationship: The long-run equilibrium relation is
estimated via ordinary least squares (OLS):

yt = δ0 + δ1xt + ut (12.3)

where ut represents the equilibrium error. The estimated residuals (ût) measure deviations from
the long-run relationship. Cointegration between xt and yt holds if the residual process ût is
stationary. This is typically assessed using an Augmented Dickey–Fuller (ADF) test applied
to ût, with critical values adjusted for the cointegration setting MacKinnon critical values [9].
If cointegration is present, the OLS estimator δ̂1 is strongly-consistent, converging to the true
parameter faster than in standard stationary regressions.

Step 2: Error Correction Representation: If cointegration is established, the short-run
dynamics of the system can be described by an error correction model (ECM):

∆yt = ϕ0 +

p∑
j=1

ϕj∆yt−j +

q∑
h=0

θh∆xt−h + αût−1 + εt, (12.4)

The coefficient α captures the speed of adjustment toward the long-run equilibrium and is ex-
pected to be negative, ensuring that deviations from equilibrium are corrected over time. The
ECM thus reconciles short-run fluctuations in yt and xt with their long-run cointegrating rela-
tionship.

Interpretation: The Engle–Granger procedure establishes an equivalence between cointegra-
tion and the existence of a valid error correction representation. In the context of pairs trading, ût
corresponds to the spread, whose mean-reverting behaviour underpins equilibrium-based trading
strategies.

12.3.4 Trading Strategy

For any trading strategy involving pairs, we need a pair of 2 stocks and the timings at which
they will be traded. Firstly Engle-Granger Test may be employed to check for Cointegration
across a universe of stocks to find the pairs [2]. Then, the z-score of the spread (St = X2,t−βX1,t)
is calculated for a pair found. SD denotes standard deviation and since the mean of the spread
St = 0,

(z − score)t = zt =
St − St

SD(St)
=

St

SD(St)
(12.5)

Then a threshold of [−1, 1] is set for the z-score. If it’s outside the threshold, we make profit
from short-term deviation.

1. If zt < −1 and no position is held, enter a long spread position by buying β unit of asset
2 and selling 1 unit of asset 1.

2. If zt > 1 and no position is held, enter a short spread position by selling β unit of asset 2
and buying 1 unit of asset 1.

3. If zt ∈ [−1, 1] and a position is held, maintain it.

4. If zt = 0, close all positions since the spread reverted to its mean.
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12.3.5 Limitations of the Static Model

1. Parameter constancy: In practice, hedge ratios between assets may evolve due to struc-
tural changes such as shifts in business models, market regimes, or relative risk exposures.
This leads to a non-stationary spread over time.

2. Sensitivity to Structural Breaks: A single regime change can invalidate the cointegra-
tion stationarity test. This is a problem in financial time series, where abrupt changes are
common.

3. Lag and Window Dependence: Rolling-window implementations of static cointegration
are often used, but these introduce a trade-off between responsiveness and stability.

4. Lack of Uncertainty Quantification: There is no way to distinguish genuine equilibrium
shifts from transient noise (different types of noises).

Motivation for the Kalman filter: The limitations of static cointegration highlight the
need for a method that allows for the underlying values (hedge-ratio) to evolve over time while
accounting for uncertainty. The Kalman filter provides exactly that. It is a recursive estimator
for a hidden or latent state observed through noisy measurements. At each step, it predicts
the state based on its evolution model and then updates the prediction using new data. In this
article, the Kalman filter is used to track a time-varying cointegration relationship by taking the
hedge ratio to be the latent state variable.

12.4 Kalman Filter: Likelihood Interpretation

12.4.1 Mean-Squared Error

Kalman filter aims to act as a minimiser for MSE (Mean-Squared Error) [7]. Consider the
relation

zt = gtxt + vt

where zt is a time-dependant observed signal, gt is a gain, xt is the information-bearing signal
and vt is some additive noise. We first attempt to estimate xt; let this estimate be x̂t. The error
term is then:

et = xt − x̂t

The “error-measuring" function f(et) is application-dependent, but it should be positive always
and monotically increasing. One example is the squared error function.

ϵ(t) = E[f(et)] = E[e2t ] (12.6)

Remark 12.3. It is important to note that equation 12.6 only locally minimises the MSE.

12.4.2 Maximum Likelihood Statistics

To rigorously define Kalman Filter, we want to maximise the probability of finding zt given x̂t
(maximum a posteriori estimation). Assume an additive random noise is Gaussian with standard
deviaion σt and a normalisation constant Kt.

P(z | x̂t) =
∏
t

P(zt | x̂t) =
∏
t

Kt exp (−
(zt − gtx̂t)

2

2σ2
t

) (12.7)

logP(z | x̂t) = −
1

2

∑
t

(zt − gtx̂t)
2

2σ2
t

+ constant (12.8)
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We see that whenever there is a Gaussian noise, MSE appears naturally. The Kalman filter is
optimal under linear dynamics and Gaussian noise; under non-Gaussian noise it remains the best
linear unbiased estimator.[6]

12.4.3 Kalman Filter: State-space based Derivation

When the Kalman filter uses State-Space techniques, it can be used as a smoother, filter or
predictor [11]. The predictor is of special interest for cointegration purposes. State-space models
are based on discrete time-steps. Matrices computed for the algorithms estimate the errors. We
will have two main “systems": the process that happens and the measurement.

Process
xt+1 = Φxt + ωt (12.9)

xt is the state-vector at time t, Φ is the (stationary) transition matrix, ωt is some white-noise
associated with the process with known covariance.

Measurement
zt = Hxt + νt (12.10)

zt is the actual-measurement of xt at time k, H is the noiseless (stationary) connection between
the state and measurement, νt is some white-noise associated with the measurement with known
covariance.

To minimise MSE for the optimal filter, we must be able to model errors using Gaussian
distributions. Covariances can be assumed stationary for the noise-models. Note that ωt and νt
have 0 correlation.

Q = E[ωtω
⊤
t ] (12.11)

R = E[νtν⊤t ] (12.12)

The error-covariance matrix at time k is the expectancy value of MSE.

Pt = E[ete⊤t ] = E[(xt − x̂t)(xt − x̂t)
⊤] (12.13)

If the “prior estimate" of x̂t (x̂′t) was gained by system knowledge, measured data can be used
for new estimate.

x̂t = x̂′t +Kt(zt −Hx̂′t) (12.14)

Kt is the Kalman gain and it = (zt−Hx̂′t) is the innovation or measurement residual. Using the
equation for zt and subtracting x̂t from xt we get:

xt − x̂t = xt − x̂′t −Kt(Hxt + νt −Hx̂′t)

= (I −KtH)(xt − x̂′t)−Ktνt
(12.15)

Let the prior estimate of Pt be P ′
t .

P ′
t = E[(xt − x̂′t)(xt − x̂′t)

⊤] (12.16)

Also, the error of the prior estimate (xt − x̂′t) is uncorrelated with the measurement noise. The
error covariance update equation can be written as:

Pt = (I −KtH)E[(xt − x̂′t)(xt − x̂′t)
⊤](I −KtH)⊤ +KtE[νtν⊤t ]K⊤

t

= (I −KtH)P ′
t(I −KtH)⊤ +KtRK⊤

t

(12.17)
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To minimise the error-covariance matrix Ptt, we must minimise the tr(Ptt) and thus the tr(Pt)
with respect to Kt.

tr(Pt) = tr(P ′
t)− 2tr(KtHP ′

t) + tr(Kt(HP ′
tH

⊤ +R)K⊤
t ) (12.18)

∂tr(Pt)

∂Kt
= −2(HP ′

t)
⊤ + 2Kt(HP ′

tH
⊤ +R) = 0 (12.19)

Kt = P ′
tH

⊤(HP ′
tH

⊤ +R)−1 (12.20)

Putting the Kalman-gain back into equation 12.17:

Pt = P ′
t − P ′

tH
⊤(HP ′

tH
⊤ +R)−1HP ′

t = P ′
t −KtHP ′

t

= (I −KtH)P ′
t

(12.21)

This is the update equation for error covariance matrix in optimal gain. Finally, we require the
state-projection onto the next time-step

x̂′t+1 = Φx̂t (12.22)

We also need the error covariance matrix projection onto t+1

e′t+1 = xt+1 − x̂′t+1 = (Φxt + ωt)− (Φx̂t)

= Φet + ωt
(12.23)

Since et and ωt have 0 cross-correlation:

P ′
t+1 = E[(Φet + ωt)(Φet + ωt)

⊤] = E[Φet(Φet)⊤] + E[ωtω
⊤
t ]

= ΦPtΦ
⊤ +Q

(12.24)

Thus, the state-space derivation of the Recursive Linear Kalman Filter is done.

1. Kalman Gain: Kt = P ′
tH

⊤(HP ′
tH

⊤ +R)−1

2. Update Estimate: x̂t = x̂′t +Kt(zt −Hx̂′t)

3. Update Covariance: Pt = (I −KtH)P ′
t

4. Project onto k+1: x̂′t+1 = Φx̂t and P ′
t+1 = ΦPtΦ

⊤ +Q

12.5 Dynamic Pairs Trading

The following dynamic pairs trading model is based on Jia Yu’s implementation of Kalman Filter
for Cointegration [13].

12.5.1 Finding beta

Dynamic pairs-trading is a market neutral strategy. The spread is:

St = X2,t − βX1,t − α ∼ I(0)

β or the hedge ratio can be found by minimising the Spread with respect to α, β. This is very
common in OLS regressions and is given by

β =
Cov(X1, X2)

Var(X1)
(12.25)

This is the form of β when X1 is chosen as the independent stock, i.e., X2 is traded at some
multiple of X1.
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12.5.2 State-Space model

Applying the state-space equations from Section 4 on the Cointegration relationships: The
measurement equation can be derived from the spread equation and process equations can be
modelled with hedge ratio being a random walk (I is identity).

X2,t = βtX1,t + St

St ∼ N (0, R)
(12.26)

βt = Iβt−1 + νt

νt ∼ N (0, Q)
(12.27)

The projection equations are:

β̂′
t = β̂t−1

P ′
t = Pt−1 +Q

(12.28)

The state-space equations are:

X̂2,t = β̂′
tX1,t

St = X2,t − β̂′
tX1,t

β̂t = β̂′
t +KtSt

(12.29)

Pt = (I −KtX1,t)P
′
t

Kt = P ′
tX1,t(X1,tP

′
tX1,t +R)−1

(12.30)

β0 is calculated from historical prices. R = Cov(St) is calculated by actual prices and Q
(covariance of volatility of β) is calculated by equilibrium prices of stocks.

Equilibrium price via Kalman Filter

Stock-prices are signals with noise and short-term deviation, but Long-term prices will be price
with noise removed, which can be done with Kalman filters. Stock-prices (Xt with noise xt) are
random walks; and Yt with noise yt is another auxiliary value, such that Vy(covariance of yt) is
the variance of period volatilites. These are calculated from historical prices. From this Kalman
filter, equilibrium prices are outputted as Y1,t, Y2,t.

βe(t) = regress(Y1,t, Y2,t)

Q = Cov(∆βe(t))
(12.31)

12.5.3 Crucial Implication

Since, Kalman filter minimises MSE only locally, and since cointegration is supposed to be a
long-run relationship, a dynamic β implies that the Spread is no longer asymptotically stationary.
Allowing βt to evolve destroys the notion of a fixed cointegrating relation and replaces it with
a time-varying projection. Now, β acts as a control parameter: it minimises prediction error
rather than representing a fixed structural relationship. It is thus also prone to overfitting the
noise. As Q→ 0, βt → constant (static EG). As Q→∞, βt tracks noise.
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12.5.4 Kalman filter as an Instability Indicator

In the equation for Kalman gain, Kt ∝ R−1. R is the measurement noise; thus, a higher
R means lesser trust in newer observations. A stable system (β does not change fast) is in
equilibrium and thus has high R and low Kt. Similarly, an unstable system (β changes rapidly)
has low R and high Kt.The code for the simulations can be found on Github.1

Figure 12.3: Dynamic β and Kalman Gain over Time for R = 10

Figure 12.4: Dynamic β and Kalman Gain over Time for R = 10−4

12.5.5 Simulation: Comparison of Static/Dynamic

The spread is traded based on mean-reversion. For the static case, we obtain one data-point of
Sharpe Ratio and an Average Turnover of 0. But, in the dynamic case, depending on the turnover,
the Sharpe Ratio changes. A random series of prices are generated and then the corresponding
data is plotted below.2

1https://github.com/rayray404/dyn-ci/blob/main/instability_indicator.py
2https://github.com/rayray404/dyn-ci/blob/main/turnover_sharpe.py
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Figure 12.5: Sharpe-Ratio v/s Turnover for Static EG and Kalman Filter based dynamic β

It is observed that for static EG, there is lesser profits, but at the same time lesser trades
done; it is confident in its structural constancy. For, the dynamic case, the model tries to fit the
equilibrium noise and thus it is very reactive to small changes.

12.6 Extensions to the Dynamic Model

12.6.1 Regime-Switching Between Static and Dynamic models

An alternative extension is to allow the hedge ratio βt to evolve under distinct regimes,
reflecting different market conditions. Rather than confining βt to be always static or always
dynamic, the stability determines which model is to be applied. In this interpretation, the
static/stable regime captures periods where cointegration-like behaviour dominates, while the
dynamic/unstable regime allows βt to adapt during structural shifts, volatility spikes, or regime
changes. This framework reconciles static and dynamic models within a single structure, empha-
sising that neither approach is universally superior; rather, their relevance is regime-dependent.

12.6.2 Mean-Reverting Model: Disciplined Kalman Filter

While the standard Kalman filter treats the hedge ratio βt as a random walk, this can lead
to excessive sensitivity to short-term noise. To impose economic discipline, we model βt as a
mean-reverting process. This would be similar to a disciplined/constrained Kalman filter [1].

βt = βt−1 + κ(β̄ − βt−1) + νt, (12.32)

where β̄ represents an economically anchored long-term level (static EG hedge ratio or a sectoral
beta), κ ∈ [0, 1] controls the speed of mean reversion, and νt is the process noise. This speci-
fication ensures that βt fluctuates around a plausible economic equilibrium rather than drifting
freely.

12.6.3 Volatility-Scaled Noise

Furthermore, we allow the process noise to be volatility-scaled:

νt ∼ N (0, σ2
x,tQ), (12.33)
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where σ2
x,t is the estimated variance of the driving series xt, and Q is a baseline noise parameter.

By scaling the noise with market volatility, the model adapts more rapidly in turbulent periods
and remains conservative in calm markets.

12.7 Conclusion

The Kalman filter-based dynamic β is not a superior form of cointegration compared to
the static Engle–Granger approach; rather, it represents a different object with distinct objectives
and failure modes. While static β captures the long-run structural equilibrium, dynamic β adapts
locally to minimise prediction error, overfitting short-term noise if interpreted as cointegration.
The simulations and analysis demonstrate that both static and dynamic approaches can
outperform each other depending on the context:

• Static Engle–Granger is more reliable when the underlying equilibrium is stable and struc-
tural relationships are constant.

• Dynamic Kalman-filter β is advantageous under structural changes or regime shifts, par-
ticularly when combined with mean-reverting and volatility-scaled noise.

• The Kalman gain Kt serves as an instability indicator : high Kt reflects low confidence in
equilibrium, signalling structural breaks or turbulent market conditions.

• Incorporating mean reversion and regime-switching models in βt ensures economic plausi-
bility and avoids excessive reactivity to noise.

Applications: These findings align with real-world practices: firms often use hybrid or adap-
tive models that balance responsiveness to changing market conditions while adhering to struc-
tural equilibrium. In summary, dynamic cointegration should be treated as a control
system for equilibrium tracking, not as a replacement for classical cointegration. Recogniz-
ing its distinct objective and monitoring the Kalman gain allows for more informed modelling
choices, better risk management, and mitigation of overfitting in pairs trading strategies.
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